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Abstract. Freiman's theorem asserts, roughly speaking, if that a finite set 
in a torsion-free abelian group has small doubling, then it can be efficiently 
contained in (or controlled by) a generalised arithmetic progression. This 
was generalised by Green and Ruzsa to arbitrary abelian groups, where the 
controlling object is now a coset progression. We extend these results further to 
solvable groups of bounded derived length, in which the coset progressions are 
replaced by the more complicated notion of a "coset nilprogression" . As one 
consequence of this result, any subset of such a solvable group of small doubling 
is is controlled by a set whose iterated products grow polynomially, and which 
are contained inside a virtually nilpotent group. As another application we 
establish a strengthening of the Milnor-Wolf theorem that all solvable groups 
of polynomial growth are virtually nilpotent, in which only one large ball needs 
to be of polynomial size. This result complements recent work of BreuUiard- 
Green, Fisher-Katz-Peng, and Sanders. 



1. Introduction 

Define an additive set to be a pair {A, G), wliere G — (G, +) is an abelian group 
and A is a finite non-empty subset of G; we shall often abuse notation and refer 
to {A,G) just as A. Given two additive sets {A,G), {B,G), we define the sumset 
A + B := {a + b : a e A,b e B} and difference set A - B := {a - b : a e A,b e B}, 
as well as the reflection —A := {—a : a S A}. We also define the iterated sumset 
kA := A + . . . + A ior k > 1 (where k summands appear on the right-hand side), 
with the convention 0^ = {0}, and the iterated sum-and-difference-set 

±kA:=k{-Au{0}UA)^ [j jA-j'A. 

ij'>0:i+j'<fc 

Define the doubling constant of an additive set {A,G) to be the ratio |2A|/|A|, 
where \A\ denotes the cardinality of A. We have the well-known inverse theorem 
of Freiman [1^ that classifies (up to constants) the sets of small doubling in the 
integers: 

Theorem 1.1 (Freiman's theorem in Z). [13] Let {A,Z) be an additive set of 
integers of doubling constant at most K for some K > 1. Then there exists a 
generalised arithmetic progression P of rank 0^(1) and cardinality \P\ <tiK \A\ 
which contains A. 

See Section [1.251 below for the asymptotic notation used in this paper, and Ap- 
pendix |A] for the definition of a generalised arithmetic progression. 

In [17] ■ Green and Ruzsa generalised Freiman's theorem to arbitrary abelian 
groups: 

Theorem 1.2 (Freiman's theorem in abelian groups). [T^ Let {A, G) be an additive 
set of doubling constant at most K for some K > 1. Then there exists a coset 
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progression H + P of rank Ok{^) and cardinality \H + P\ <^k \A\ which contains 
A. (See AppendixrA\ for the definition of a coset progression.) Furthermore we have 
H + P C ±0k{1)A. 

This result was deduced from the following closely related fact (see [T71 Section 
5]; the case G = Z was treated earlier in [24], [5]): 

Theorem 1.3 (Ruzsa-Chang's theorem in abelian groups). [17] Let (A,G) be an 
additive set of doubling constant at most K for some K > 1. Then ±AA contains 
a coset progression H + P of rank Oa'(1) Cind cardinality \H + P\ \ A\. 

Indeed, one easily verifies (using the Ruzsa-Pliinnecke sum set estimates, see 
e.g. [211 Chapter 2]) that an additive set {A,G) of doubling constant at most K 
can be covered by Ok{^) translates (by elements in ±.bA) of the coset progression 
H + P C ztAA identified in Theorem 11.31 and the union of these translates can be 
contained in a slightly larger coset progression in ±OA'(l)yl. (See also [2] Section 
6] for further discussion.) 

Now we consider the analogous situation for non-abelian groups. Define a mul- 
tiplicative set to be a pair (A, G) where G = (G, •) is a multiplicative group and A 
is a finite non-empty subset of G. We can define the product set A - B := {ah : a e 
A,b e B}, refiection A'^ := {a^^ : a G A}, the iterated product set A'' := A-. . .-A, 
iterated product-quotient-set 

:= (AU{l}UA-l)^ 

doubling constant and tripling constant in exact analogy with 

the additive case. We adopt the notation HlLi ^i'- ■ -'^k ^^"^ Y\i=n ^« 

. . .■ Ai for multiplicative sets {Ai, G), . . . , {An, G); note the order of multiplication 

is important when G is not abelian. 

It is also convenient to introduce the following definition. 

Definition 1.4 (ii'-control). Let K > 1. A multiplicative set {A,G) is said to 
be K-controlled by another multiplicative set (B, G') if G' is a subgroup of G, if 
\B\ < K\A\, and there exists another finite non-empty subset X of G with |X| < if 
such that Ac {X ■ B)r]{B ■ X). 

Remark 1.5. Observe that if {A, G) is if-controUed by {B, G') and B has doubling 
constant at most K, then 

\A- A\<\X ■ B ■ B ■ X\< K^\B ■ B\ < K^\B\ < K^\A\. 

Thus small doubling of A is implied by small doubling of B if A is controlled by B. 
We also observe a transitivity property: if {A,G) is iiT-controllcd by {B,G'), and 
(B,G') is K'-controlled by (G,G"), then {A,G) is ifX'-controllcd by (G,G"). 

The coset progression H + P obtained in Theorem 11.31 can be easily shown to 
Oif( l)-control A (viewing the ambient group G multiplicatively). Thus we see that 
in the abelian case, sets of small doubling are controlled by coset progressions. It 
is of interest to understand what the analogous controlling sets are in non-abelian 
groups. 

Our results in this paper will mostly be restricted to solvable groups. A solvable 
group which is particularly easy to analyse (and which serves as a simple model 
case for our more general results) is the lamplighter group: 
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Definition 1.6 (Lamplighter group). Let Ff be the additive group Ff := {{xi)iez ■ 
Xi E F2 for all i E Z}, where F2 is the field of two elements, and let (Ff )o be 
the finitely generated subgroup of Ff consisting of those sequences {xi)i^z with 
at most finitely many Xi non-zero. Let T : Ff — >■ Ff be the shift automorphism 
T{xi)i(zz '■= {xi-i)i^z', this preserves (Ff )o. The extended lamplighter group ZtxFf 
is the set {(n, x) : n E Z, x G Ff } with the group law 

{n,x) ■ (n',x') := {n + n' ,T"' (x) + x'). 

The lamplighter group Z ix (Ff )o is the subgroup of Z x Ff in which the second 
coordinate lies in (Ff )o. 

Our first main result, which we prove in Section [21 classifies all sets of small 
doubling in the lamplighter and extended lamplighter groups up to constants. 

Theorem 1.7 (Freiman's theorem for the lamplighter group). Let {A, Z k Ff ) be 

a multiplicative set of doubling constant at most K for some K > I. Then A is 
OxiX)- controlled by a set B which is of one of the following forms: 

(Case 1) B = {0} x V for some finite- dimensional subspace V o/Ff . 

(Case 2) B = {(n, (/)(n) + v) : n E P,v E V}, where V is a T'^ -invariant finite- 
dimensional subspace of Ff for some d > 1, P C dZ is a generalised 
arithmetic progression of rank Ox(l); md (p : P ^ Ff is a function whose 
graph n i~> (n,(/)(n)) Freiman isomorphism modulo V in the sense that 

(ni,(/)(ni)) • {n2,(f){n2)) = (^3, ^(na)) • (n4,(/)(n4)) mod V 

whenever ni, 71,2, 71.3, 714 E P are such that rii + 71,2 = ri3 + n^. 

If A C Z K (Ff )o, then one can take V to be a finite- dimensional subspace of {F2 )o 
in Case 1, and can take V to be trivial in Case 2. 

Remark 1.8. In the converse direction, it is easy to see that the sets B of the above 
form have small doubling, and thus any set controlled by them does also. This result 
strengthens an earlier result of Lindenstrauss [5T] , who showed that the lamplighter 
group does not admit a F0lner sequence of sets of uniformly small doubling constant. 
Note that while Ff contains plenty of finite-dimensional invariant subspaces (e.g. 
the space of L-periodic sequences for some fixed period L), (Ff )o contains no non- 
trivial invariant subspaces, which helps explain why the situation is simpler in that 
case. In view of the above theorem, it seems of interest to classify all possible 
Freiman isomorphisms from generalised arithmetic progressions into (Ff )o (or into 
Ff modulo an invariant subspace V), but this appears to be a somewhat difficult 
task. 

Now we turn to more general solvable groups. We will also consider a special 
subclass of solvable groups, which we will call "totally torsion-free solvable groups" : 

Definition 1.9 (Totally torsion-free solvable group). Let G = (G, •) be a group. 
The derived series G'^^^ > G*^^-' > ... of G is formed by setting G*^°-' := G and 
(7(^+1) ;= [G^*), G^*-'] for i — 0,1,...; observe that these are normal subgroups of 
G. A group is solvable if G^'^^^ is trivial for some I, known as the derived length of 
G. A group G is torsion-free if every non-identity element in G has infinite order 
(thus if a £ G and a" = 1 for some non-zero n, then a = 1). A solvable group G is 
totally torsion-free if G/G^'^'^ is torsion-frce for every i. 
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Example 1.10. The ax + b group of affine transformations x ax + b is a solvable 
group of derived length 2 which is totally torsion free. However, if one considers the 
subgroup G of transformations x i-^ ax + b in which a is a power of 3, and b is an 
integer divided by a power of 3, then this group is still solvable of derived length 2, 
and is torsion-free, but is no longer totally torsion-free. Indeed, one easily verifies 
that [G, G] consists of the translations x t-^ x + b in which b is an even integer 
divided by a power of 3, and thus G/G^^^ contains elements of order two (e.g. the 
image of the translation x t-^ x + 1). 

Next, we need to generalise the notion of a coset progression to the virtually 
nilpotent setting. 

Definition 1.11 (Coset nilprogression). Let G = (G, •) be a group and / > be 
an integer. For each 1 < i < Z, let > be an integer, let i?i.o = {Hi^, +) be a 
finite abelian group, and let Hi j :— {—Nij, . . . , Ni,j} for 1 < j < be intervals. 
Suppose we have maps 4>ij : Hi j G for < j < Vi obeying the following 
properties, where we abbreviate 

Ai := 0,,o(i?i,o) • . . . • (t>^.,rAH^.r,)■, A>i := Ai ■ . . . ■ Ai 

• For all 1 < i < / and < j < r^, we have 

(1) '/'.,.(0) = 1. 

• For any l<i<l,0<j<ri, and n, n' £ Hij with n + ?i' G Hij, we have 

(2) cj).,^j{n)(j)ij[n') e A>,:+i • cj)i.j{n + n'). 

• For any l<i<l,0<j,j'<ri,nCz Hij, and n' G Hiji, we have 

(3) [(/)j,-,(n),0ijv(7i')] e A>i+i. 

• For any I < i' < i < I, < j < ri, < j' < ri>, n G H^j, and n' e -fft'j', 
we have 

(4) [4)^'j'{n'),4>ij{n)] e A>i+i ■ (/!)^,o(i^i,o) • • ■ • • (Aj.maxO-l.O) (^^i,max(j-l,0))- 

Then we refer to the multiplicative set 

1 ri 

{A>,,G) = (l[l[<l>.,,{H,jhG) 

1=1 ]=Q 

as a coset nilprogression of derived length I, ranks ri, . . . , r/, and volume J^'^j^ Ilj^Lo l^ij'l- 
(If ^ = 0, we adopt the convention that A^i = {1}.) 

If the groups Hi Q and maps <j)i^Q are trivial, we refer to the coset nilprogression 
simply as a nilprogression. 

Examples 1.12. The only coset nilprogression of derived length is {1}. A set 
(A, G) is a coset nilprogression of derived length 1 and rank r if and only if it is a 
coset progression of rank r in an abelian subgroup of G (which we view additively). 
The sets B in Case 2 of Theorem ll.7l are coset nilprogressions of derived length 2 and 
ranks 0, r, where r is the rank of the underlying generalised arithmetic progression 
P. If G is a 2-step nilpotent group, ei, 62 € G, and TV > 1, then the set 

A := {[ei,e2]"^^e^e^^ : ni,n2,ni2 G Z; |ni|, |n2| < N; |ni2| < lOOiV^} 

is a coset nilprogression of derived length 2 and ranks 1,2. If {A,G) is a coset 
nilprogression of derived length I and ranks ri , . . . , r; , and 0— >i?— >G'— >G— >Ois 
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a finite abelian extension of G (thus one has a projection homomorphism tt : G' ~> G 
with kernel isomorphic to the finite abelian group H) then {tt^^{A), G") is a coset 
nilprogression of derived length I + 1 and ranks ri, . . . , n, 0. 

Example 1.13. The following examples were contributed by Harald Helfgott. Let p 
be a large prime, let F — Fp he the finite field of p elements, and G C SL3{F) be 
the group of upper-triangular 3x3 matrices of determinant one and coefficients in 
F; this is a solvable group of derived length 3. Then the set 

{/r*^ X y 
z \ ■.x,y,zeF;-N <k<N 

\0 {rsY 

where iV > 1 is an integer and r,s G F\{0} are invertible elements, is a coset 
nilprogression of derived length 3 and ranks 1,0,0. Indeed, we have -ffi^o = {1}, 
= {-TV, ...,N}, i/2,0 = F'', = F with 

/r'= 
(/.i.i(fc) 

\o 

02,o(a;,y) := 

In a similar spirit, the set 

{/ r*^ ms y \ 
i r'' z \ : y,z eF;-M <m < M;-N < k < N 
\o 

for integers N, M > 1, r E F\{0}, and s G is a coset nilprogression of derived 
lengths 3 and ranks 1,1,0 with iJi,o = {1}, = {-N,...,N}, TJj.o = F, 

H2 = {—M, . . . , A/}, and i?3_o = F; we leave the construction of the (j>ij to the 
interested reader. 

Remark 1.14. The property of being a coset nilprogression is preserved under 
Freiman homomorphism|3 of sufficiently high order. We will use this fact implicitly 
in Section 31 when we lift a coset nilprogression from one group G' to an extension 
G of that group. Also, given that doubling constants are preserved by Freiman 
isomorphisms, it is reassuring to know that coset nilprogressions are also, if one 
seeks to relate the former concept to the latter. 

Remark 1.15. In the case that G is totally torsion- free, we will be able to replace 
coset nilprogressions by nilprogressions throughout this paper. However, the cosets 
appear to be necessary once this hypothesis is dropped. On the other hand, it 
is plausible to conjecture that one could be able to gather together all the finite 
groups in a coset nilprogression and quotient them out. More precisely, one could 




Freiman homomorphism (f> : A ^ A' oi order k from one multiplicative set (A, G) to 
another {A',G) is a map 4> : A ^ A' such that 0(ai) . . . (?!>(aj;) = 4){b\) . . . 4){bf^) whenever 
ai , . . . , Ofe , fei , . . . , bfc a A are such that a\ . . .af^ = b\ . . .bf^. 
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conjecture that every coset nilprogression is controlled by a set A containing a finite 
subgroup which is normal in A, and such that after quotienting out by this nor- 
mal subgroup, one obtains a standard nilprogression without any cosets. (Similar 
conjectures have also been advanced by Harald Helfgott and by Elon Lindenstrauss 
(private communications).) The results in this paper do not establish this fact, but 
it is plausible that a refined analysis along these lines could establish this sort of 
result. 

Just as coset progressions are model examples of abelian sets of small doubling, 
coset nilprogressions turn out to be model examples of (solvable) small doubling: 

Lemma 1.16 (Polynomial growth of nilprogressions). Let {A,G) be a coset nil- 
progression of derived length I and ranks ri, . . . , r;. Then we have ^;.,i....,r, 
nOi.r,......tW\A\ for all n>l. 

We prove this lemma in Section |3l The main result of this paper is the following 
converse to the above proposition in the solvable case: 

Theorem 1.17 (Freiman's theorem for solvable groups). Let {A, G) be a multiplica- 
tive set in a solvable group G of derived length at most I and of doubling constant 
at most K for some K,l > 1. Then there exists a coset nilprogression {A',G) of 
derived length I and all ranks Ok,i{^) cind volume '^k,i \A\ which Ok,i{X)- controls 
{A,G). Furthermore we have A' C A^'^'^^^'^'^K 

If G is totally torsion-free, we can ensure that A' is a nilprogression rather than 
a coset nilprogression. 

Remark 1.18. Our proof of Theorem II. 171 is completely effective, and in principle 
one could write down explicit values for the bounds Ok,i{^) given above. However, 
due to our reliance on tools such as the Szemeredi regularity lemma, the bounds 
are incredibly poor (roughly speaking, they are an /-fold iterated tower exponential 
in K), and so we do not attempt to quantify them here0 

Remark 1.19. Theorem 11.171 generalises Theorem 11.31 (which is basically the I = 1 
case). It is not a completely satisfactory description of the sets of small doubling 
in a solvable group, because we do not have a completely explicit classification of 
coset nilprogressions; this problem is analogous to the problem of classifying the 
Freiman isomorphisms appearing in Theorem 11.71 (and broadly analogous to the 
infamous extension problem for groups, in particular having a similar "cohomologi- 
cal" flavour), and will not be pursued here; see however (2j for some relevant recent 
progress in this direction. 



Note added in proof: thanks to recent improvements in additive combinatorics technology, in 
particular the lemmas in 1271 . [5], one could avoid use of the regularity lemma here and obtain 
bounds which are "merely" of iterated exponential type rather than iterated tower-exponential. 
However, there are still exponential losses in these lemmas and so even if one optimistically 
assumes a "polynomial Freiman- Ruzsa conjecture" , these methods do not seem to lead currently 
to polynomial bounds. On the other hand, in the case of solvable linear groups over C, the 
recent results in [3] only have exponential losses in the constants, while for simple linear groups 
the best results are polynomial in nature (see |4], 1151 . |23l . 1341 for the most recent results in 
this highly active area) , and so it is conceivable that some refinement of these techniques could 
eventually lead to polynomially quantitative results, conditionally on a polynomial Freiman-Ruzsa 
type conjecture. 
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In spite of the above deficiencies, we can use Tfieorem ll.lTl togetlier with some 
basic properties of coset nilprogressions, to establish some non-trivial applications. 
For instance, we have the following result, proven in Section |31 

Lemma 1.20 (Virtual nilpotency of nilprogressions). Let {A,G) be a coset nilpro- 
gression of derived length I and ranks n, . . . ,ri. Then the group {A) generated by A 
contains a subgroup N of index Oi^ri,....ri{\A\^^''"^' - -'^i'^^^) which is nilpotent of step 
0;.ri,....ri (1) and is generated by Oi^ri,....ri{^) generators. 

If (A, G) is a nilprogression rather than a coset nilprogression, then {A) is itself 
nilpotent of step Oi,ri,...,ri (1) and is generated by 0/,r-i,...,ri (1) generators. 

Remark 1.21. Lemma 11.201 is not terribly surprising, in view of Lemma I1.16[ and 
the close connection between polynomial growth and virtual nilpotency (see [22], 
[35], [E]). As mentioned in Remark 11.151 one could conjecture a stronger result 
than Lemma ri.20[ namely that A is Oi^ri....,ri (l)-controlled by a set which becomes 
a nilprogression of rank and step 0/,ri,....r; (1) after quotienting out by a normal 
subgroup. 

Combining Lemmas 11.161 11.201 with Theorem 11.171 '^e conclude 

Corollary 1.22 (Freiman's lemma for solvable groups). Let {A, G) be a multiplica- 
tive set in a solvable group of derived length at most I, and a doubling constant of at 
most K. Then there exists subgroups N < H < G, with N nilpotent of step Ok,i{^) 
and generated by Okj{1) generators with index Ok.i{\A\'-''^-'^^^) in H , such that A 
is O K. I (i) -controlled by a subset A' of H . Furthermore we have A' C A^*^^ '*^^^ 
and I (A')*" I <.K,i for alln>l. 

If G is totally torsion- free, one can take H = N. 

This theorem asserts, roughly speaking, that any set of small doubling in a 
solvable group is controlled by a subset of a virtually nilpotent group of bounded 
rank. It is analogous to Freiman's lemma [l4] that an additive set in a torsion-free 
abelian group of small doubling is contained in a subgroup generated by a bounded 
number of generators. Again, one could conjecture that stronger results hold. 

In a similar spirit, we have the following result, proven in Section [8j 

Theorem 1.23 (Milnor- Wolf type theorem). Let G be a solvable group of derived 
length at most I, let S be a finite set of generators for G. For any r > 0, let 
Bs{r) := iJig fj^n gf radius r. Suppose that \Bs{R)\ < R'^ for some 

d > and R > 1. If R is .sufficiently large depending on I, d, then G is virtually 
nilpotent. More .specifically, G contains a nilpotent subgroup N of step Oi,d{^) md 
index 0{R'-''-''^^^). Furthermore, we have the bound 

\Bsir)\ rO'.-W 

for all r > R. 

This strengthens a classical theorem of Milnor [22j and Wolf [35] . which asserts 
that any solvable group of polynomial growth must be virtually nilpotent; the above 
result gives a more quantitative version of that statement, which only requires 
polynomial growth at a single (large) scale, and gives some control on the nature 
of the virtual nilpotency. As one consequence of this stronger statement, we see 
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that balls in solvable groups cannot transition from polynomial growth to non- 
polynomial growth at large scale|^. In view of Gromov's celebrated theorem [l8] 
that extends the Milnor-Wolf theorem to arbitrary finitely generated groups of 
polynomial growth, it seems of interest to ask whether there is an analogue of 
Theorem 11.231 for groups that are not necessarily solvableQ. (It may also be that 
Corollary II . 2 21 can similarly be generalised to non-solvable groups.) 

Finally, we mention two auxiliary results, which were established in this pa- 
per in order to prove the above theorems, but which may have some independent 
interest. In Proposition IB. 51 we establish a variant of Sarkozy's theorem, which 
roughly speaking will state that if an additive set is densely contained inside a 
coset progression, then some iterated sumset of that set will itself contain a large 
coset progression. In Proposition IC.3I we show that every multiplicative set A of 
bounded doubling controls a large set whose iterated sumset is mostly contained in 
A ■ A~^; the point here is that the number of iterations can be taken to be rather 
largc0. 

1.24. Connections vifith other non-abelian Preiman theorems. The work 
here complements some recent work in [55], [1], [3], UZ- For instance, the Freiman- 
type theorems here essentially reduce the study of sets of small doubling in the 
(virtually) solvable case to the (virtually) nilpotent case. The latter case is then 
studied further in [2], |12j . For instance, in 12^ it was shown (by many applications 
of the Baker-Campbell-Hausdorff formula) that if A was a multiplicative set of small 
doubling inside a simply connected nilpotent Lie group G of bounded step, then 
the logarithm of A (which can be viewed as an additive set in the Lie algebra of G) 
had small (additive) doubling and could thus be controlled by the additive Freiman 
theorem. This analysis was then taken further in J2j , in which it was shown that if 
A was a multiplicative set of small doubling inside a torsion-free nilpotent group of 
bounded step, then A was controlled by a nilpotent progression, which is a special 
case of the coset nilprogressions studied here, but with significantly more structure. 
More precisely: the torsion components Hi^ are trivial, the (jfij are homomorphisms 
(pij^n) :— e"j, the generators e^j are formed as commutators of a list ei, . . . , of 
base generators (ordered in a standard fashion), and the lengths Nij are products 
of base lengths Ni, . . . , N^, where the exponents correspond to the weight of each 
base generator in the commutator e^.^; see p for further discussion. These results 
combine well with our results in the case when G is totally torsion-free, in which 
case they assert that any multiplicative set in G of bounded doubling is controlled 
by a nilpotent progression. The situation seems to be more complicated however in 
the presence of torsion, as this seems to generate some non-trivial "cohomology" . 

In a somewhat different direction, the work of [26 relates sets of polynomial 
growth (thus \A"\ < n'^\A\ for all large n) with balls in a translation-invariant 
pseudo-metric, in the case when G is a monomial group (a concept which overlaps 
with, but is not entirely equivalent to, that of a solvable group). Note that the 
nilpotent progressions studied in j2] are essentially balls of this type. This provides 
part of an alternate path to non-abelian Freiman theorems, although the precise 

''of course, the reverse transition from non-polynomial growth to polynomial growth is easy 
to attain. Consider for instance a large finite group generated by a set whose Cayley graph has 
large girth; balls in this group grow exponentially at first, but are ultimately constant. 

^Note added in proof: this question has now solved affirmatively; see I29| . 

'^Note added in proof: this result has since been significantly strengthened, see [6], [27] . 
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connection between small doubling and polynomial growth is not well understood 
yet, except in the abelian (and nilpotent) settings, where one can pass from one to 
the other fairly easily. 

The results of [2] have been extended very recently to linear solvable groups in 
[3] (private communication). 

1.25. Notation. We use the asymptotic notation X < F, F > X, or X = 0{Y) 
to denote the estimate \X\ < CY for some absolute constant C, and X ^ Y for 
X <^ Y <^ X . We will often need the implied constant C to depend on one or more 
parameters, in which case we shall indicate this by subscripts unless otherwise 
noted, thus for instance X <^k Y means that \X\ < CkY for some quantity Ck 
depending only on K. 

We combine the above asymptotic notation with the sumset and product set 
notation, e.g. Ok(1)A denotes an iterated sumset kA = A + . . . + A ior some 
k = Oi<-(l), etc. 

Because we wish to reserve A'^ for the fc-fold product set A ■ . . . ■ A oi a, set A, 
we will use the notation A^^ to denote the fc-fold Cartesian product A x . . . x A. 

Given a subset A of a group G, we use (A) to denote the group generated by A. 

Let G — (G, •) be a group. The commutator [g, h] of two group elements g,h £ G 
is defined as [g,h] := ghg~^h~^. The commutator [H,K] of two subgroups H,K < 
G is defined as the group generated by the commutators [h, k] tor h G H,k K. 
The lower central series G = Gi > G2 > . . . of a group G is defined recursively by 
Gi :— G and G^+i := [G, G^]; a group G is nilpotent of step at most s if Gs+i is 
trivial. A group is virtually nilpotent if it has a nilpotent subgroup of finite index. 

1.26. Acknowledgements. The author is indebted to Ben Green and Tom Sanders 
for valuable discussions, particularly in relation to the recent preprints [2], |26| . The 
author also thanks the referee for suggestions, and David Speyer for corrections. 
The author is supported by a grant from the MacArthur Foundation, and by NSF 
grant DMS-0649473. 

2. The lamplighter group 

We now prove Theorem 11.71 which is a much simpler result than Theorem 1 1.1 71 
but already contains some of the key ideas, most notably a focus on analysing group 
actions of a multiplicative set A on an additive set E which have small "doubling 
constant" in some sense. 

In view of Lemma IA.4r i) (and the transitivity property mentioned in Remark 
II. 5|) . we may assume without loss of generality that A is a if- approximate group 
(see Definition IA.2I) . rather than merely a set of small doubling. We allow all 
implied constants to depend on K, and henceforth omit the dependence of K in 
the subscripts. 

Let TT : Z K Ff — > Z be the canonical projection, thus ker(7r) = Ff is abelian. By 
Lemma fA.Sf i). it{A) C Z is also a if-approximate group. By Theorem ll.3l (or from 
the results in [JJ or [5]), t^{A) is controlled by a generalised arithmetic progression 
P C 7r(A4) of rank 0(1). In particular, \tt{A)\ - \P\. 

Let G > 1 be a large constant depending on K to be chosen later. By dropping 
all small dimensions of P, we may assume that all dimensions Ni, . . . , Nj. of P are 
at least G. We may also of course assume that the generators wi , . . . , of P are 
non-zero. 
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By Lemma EHiii), (ker(7r) n A'^°°f C Ff is a 0(l)-approximate group of car- 
dinality ~ 1^1 /|P|; by Theorem 1 1.21 (or Ruzsa's Freiman theorem [S^) we can thus 
find a subspace W of Ff containing (ker(7r) n A-^™)^ of cardinality ^ \A\/\P\. 

Consider the set E := ker(7r) n Clearly E <Z W. From Lemma lA.Sr ii). 

we have \E\ ~ \W\. Also, if u e P, we see on conjugating E by an element of 
A" n TT-^{{v}) that T^'iE) C ker(7r) n A^^ C Thus for < n < C, the linear 
space 

VF„:=span( |J 2^ai«i+...+a.^v(_g)) 

— n<ai ... . ,ar <n 

is a subspace of of cardinality ~ \W\. These spaces are also non-decreasing in 
n. By the pigeonhole principle (and the fact that finite-dimensional subspaces of 
W have cardinality equal to a power of 2), we thus conclude (if C is large enough) 
that there exists < n < C such that Wn = Wn+i- Setting V := W„, we conclude 
that \V\ ~ \W\ |^|/|P|, that V contains ker(7r) n A^^, and V is invariant with 
respect to T'"' for i = 1, . . . ,r. 

There are two cases. If r = 0, then \V\ ~ \A\, and from Lemma [A3Jiii) we see 
that V 0(l)-controls and hence 0(l)-controls A, and we are in Case 1. Now 
suppose instead that r > 0. Setting d > 1 to be the greatest common divisor of the 
vi, . . . ,Vr, we conclude that V is T'^-invariant. Also we have P C dZ. 

Now consider the symmetric set B :— V ■ {tt^^{P) n A"^). On the one hand, from 
Lemma lA.Sr ii) we have tt{B) = P. On the other hand, since V contains ker(7r)nA^'' 
and is invariant under any shift arising from P, we see that ker(7r) O = V. We 
conclude that B takes the form 

B= [J {n,^{n)) + V 

for some function (p : P ^ Ff whose graph n i— )• (n, 4){n)) is a Freiman isomorphism 
modulo V in the sense that (ni, 0(ni))-(n2, 4>{'^2)) = (ns, 4>{n3))-{n4, 4>{n4)) mod V 
whenever ni,n2,n3,n4 S P are such that rii + n2 =713+77,4. This makes B into 
a 0(l)-approximate group of size |P||F| ^ \A\. We thus see that B 0(l)-controls 
7r~i(P) n A^, which (by Lemma fOT iii)) 0(l)-controls A^, which 0(l)-controls A, 
and wc arc in Case 2 as desired. 

Finally, if A was initially in Z k (Ff)o instead of Z k Ff , then we can repeat 
the above arguments with Ff replaced by (Ff )o throughout. Since (Ff )o does not 
contain any non-trivial finite-dimensional T'^-invariant subspaces for any d > 1, we 
obtain the final claims in Theorem 11.71 

3. Properties of coset nilprogressions 

We now prove a number of basic facts about coset nilprogressions stated in the 
introduction, including Lemma ll.l6l and Lemma ll.20l from the introduction. All the 
properties here are rather trivially true for coset progressions, and the generalisation 
to coset nilprogressions is relatively routine, requiring mostly a certain amount of 
"nilpotent algebra" bookkeeping. 

It is convenient to introduce the following notion. 

Definition 3.1 (Dilation). Let 

1 Ti 

i=l j=0 
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be a coset nilprogression of derived length I and ranks ri , . . . , r; . For any tuple 
M = {Mi,j)i<i<i-i<j<r^ of nonnegative integers, we define the dilate A^^ of A to 
be the set 

A'' ^f[f[<^^AH^,r^^^ 

i=l j=0 

with the convention that Mi^ is always equal to 1. 

We have the following basic estimates: 

Lemma 3.2 (Multiplication laws). Let A = {A, G) he a coset nilprogression of de- 
rived lengthl and ranks ri, ... ,ri, and let M = {Mij)i<i<ci-i<j<ri , M' — {M^ j)Ki<ci.i<j<ri 
be tuples of nonnegative integers. Then we have 

(5) A^' ■ A^'' c 
where M = (Afi.j)i<i<;;i<j<,.. is of the form 

j<j'<ri l<i' <i 0<j' <r^r 

(again adopting the convention Mi Q = I) and similarly for M' . In a similar spirit, 
we have 

(6) (A^'^-i C A^^. 

Proof. We begin with ([5|). The claim is vacuously true for Z = 0, so suppose 
inductiveljQ that I > 1 and the claim has already been proven for Z — 1 . 

Next, we induct on ri (keeping I fixed). If ri = 0, then we can write A^^ = 
{A>2)^ ■ (l)ifl{Hifi), where A>2 is a coset progression of derived length / — 1 and 
ranks r2 , . . . , , and M is the truncation of M formed by omitting the (empty) 
i = I component of M and then relabeling. Thus 

. ^M' ^ (^^^)M . . (A>2)^ • <^l.o(i^l,o). 

Let a <E 0i,o(i?i,o)i then from Q we have 

a ■ (j),^j{H,j) ■ a^^ C A>i+i ■ 4'i^o{Hi^o) ■ ■ ■ ■ ■ 4>i,j{Htj) 
for all 2 < i < / and 1 < j < r^, and similarly 

a ■ 4>tj{Htfi) ■ a^^ C A>^+i ■ (j)ifl{HiS)) ■ (pifiiHiS)). 
On the other hand, from © one has 

(7) i'ifiiHifi) ■ (t)i^o{Hi^o) C A>i+i ■ 0i,o(-ffi,o)- 

By repeated application of the induction hypothesis, we thus conclude that 

a-(A>2)^-a"ic(A>2)^ 

if the constants used in the definition of AI' are chosen appropriately. We conclude 
that 

</.,,o(i?.,o) • (A>2)^ C {A>2)'''' ■ 0.,o(i?.,o) 

^The reader may wish to work out some small cases by hand, e.g. I = 2, rj = r2 = 1, to 
get a sense of what is going on here. The arguments here are similar to those that establish that 
a group generated by a set S is nilpotent of step s if all s + 1-fold iterated commutators of the 
generators vanish; there is a very similar "nilpotent" or "upper triangular" nature to the algebra 
involved here. 
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and hence 



Using ([7]) and the induction hypothesis again, we obtain the claim (after modifying 
the definition of M' slightly). 

The case ri > can be recovered from the inductively preceding case ri — 1 
by a very similar argument which we omit (the only real differences are that one 
uses ([3]) as well as Q, and we no longer have and so must allow the factors of 
(pi^niHi^n) to accumulate). 

To prove ([6]), observe from ([2]) (setting n' := —n) that 

for all 1 < i < Z and < j < r^. Iterating this repeatedly and then using ([5]) we 
obtain the claim. □ 

From the above lemma and a routine induction argument we see that 

(8) ^i*: c v4*^''''''')i^'2i;i<j<'-. 

for all fc > 1 and for suitable choices of constants aj depending only on l,ri, ... ,ri 
(one wants Cij to be decreasing in j, and very rapidly increasing in i). 
Now we cover A^' by A. 

Lemma 3.3 (Covering properties of coset nilprogressions) . Let {A,G) be a coset 
nilprogression of derived length I and ranks ri, . . . , r/, and let M = {Mij)i<i<ii<j<ri 
be a tuple of non-negative integers. ThenA^^ is 0/^ri,...,r, (1+X!'=i Sj'Li Mij)'^'-''^--- 
controlled by A. 

Proof. We allow implied constants to depend on Z, ri , . . . , r; , and abbreviate X]i=i 
as \M\. As in Lemma [3.21 we induct on I, the I — case being trivial. In view of 
dll), it suffices to show that A^'^ C X • A for some set X of size \X\ < (1 + \M\)^^^\ 

First consider the case ri = 0. Then A*^ = • ^1,0(^^1,0)7 and the claim 
follows from the induction hypothesis. Now suppose inductively that ri > 0, and 
the claim has already been proven for ri — 1. 

Write mi,ri ■— [Mi,ri/2J. By repeated use of ([2]) (and ([1])), we can express 
any element of '^i,ri (i^i,ri)*^^''i as a word consisting of 0(|M|) elements of A>2 
or AZ.2, 0{\M\) instances of (Tii^n) or (?!>l,rl("^l,rl)~^I and a single instance of 
an element of ^1,^1 (ffi.n)- Permuting these terms using (jlj, and Lemma [3.2) 
one eventually arrives at 

(Pl,ri(-«l,rj ' 1 C {01,ri(mi,rJ : n ^ 0{\M\)\- Ay^ 

The left-hand side here is the final term in Inserting the above inclusion and 
using (HI), ([ll, and Lemma [321 repeatedly, one eventually obtains 

A^' C {0i,.,(mi,,J" : n = 0{\M\)} ■ (A')*^' • 0i,.,(i/i,.J 

where A' is the coset nilprogression formed from A by decrementing ri by 1 (thus 
dropping Hi^n and 0i,ri), and M' is some tuple with all exponents 0(1 + IMI)*^*^^^. 
Applying the induction hypothesis we see that [A')^ C X' ■ A' for some \X'\ ^ 
(1 + |Af|)°(i). Since A ^ A' ■ ^i.ri (i^i.n ), we obtain the claim. □ 

Combining ([8]) and Lemma (3731 we obtain 
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Corollary 3.4 (Coset nilprogressions control their sumsets). Let {A,G) be a coset 
nilprogression of derived length I and ranks ri, . . . , r/. Then for any fc > 1, is 
0/,ri....,r, (fc'^' ''^ '^^)- controlled by A. 

Remark 3.5. This corohary implies that coset nilprogressions behave very much 
like 0/^ri,...,r, (l)-approximate groups, though they are not quite so, mainly because 
coset nilprogressions are not quite symmetric (cf. (jSJ). 

It is clear that Lemma [1.1 61 is an immediate consequence of Corollarv 13.41 Now 
we turn to Lemma 11.201 We begin with a purely algebraic lemma. 

Lemma 3.6 (Finite extensions of nilpotent groups are virtually nilpotent). Let 

G be a nilpotent group of step s generated by k generators, and let G' be a finite 
extension of G, thus one has the short exact sequence 

O^H^G'^G~^0 

for some finite abelian group H . Then G' contains a subgroup N of index Os,k{\ H [)'-'' 
which is nilpotent of step s generated by Os,fe(l) generators. 

Proof. We allow all implied constants to depend on s,k. We may view H as & 
normal subgroup of G", with G = G' /H. Let tt : G" — G be the projection map, 
and ei,...,efe be a set of generators for G. We lift each Cj up to an element 
e; evr-Hle,}) of G'. 

Since H is abelian, we see that the conjugation action of G' on H descends to 
an action p : G Aut{H) of G on H. Let us first consider the special case when 
p is trivial, or equivalently that iJ is a central subgroup of G'; since G is nilpotent 
of step s, this makes G' nilpotent of step s + 1, with the (s + 1)*^ commutator 
group G'g_^_l in the lower central series contained in H. Then we set N to be the 
group generated by {g^^'^'^^+i^ : g e G} for some large integer A/ — 0(1). On the 
one hand, 7r(A^) is clearly a normal subgroup of G, and G/tt{N) is an M!|Gl,^i|- 
torsion nilpotent group of step s generated by k generators, and thus tt{N) has 
index OM{\H\'^^^y) in G; since G' is an extension of G by H, we conclude that N 
has index Om(|^^|'^^^-') in G'. On the other hand, the (s + 1)*'* commutator group 
of N is generated by s + 1-fold commutators of g^^'I'^^+il for g £ G' . By repeated 
use of the commutator identity 

(9) [xy,z] = [x,[y,z]][y,z][x,z] 

and exploiting the nilpotency of G', we see that we can express any such ,s + 1-fold 
commutator in the form 

fPl(n) .P./(n) 
Jl ■ ■ ■ J J 

for some fi, . . . , fj e G'^^i and some polynomials Pj{n) of degree 0(1) whose 
coefficients have numerator and denominator 0(1), and with vanishing constant 
term. Setting n := M\\G'gj^-^\ for M — 0(1) large enough and using Lagrange's 
theorem = 1 for all / £ G'^^^, we see that these commutators vanish, and 

so N is nilpotent of step s. This concludes the claim when p is trivial. 

To handle the general case when p is non-trivial, we need a key claim: given 
any e G G and h £ H, there exists an integer 1 < n ^ depending on e, h 

such that the normal subgroup N^^ of G generated by e" fixes the element h (with 
respect to the action p). To see this, observe from the nilpotency of G that N^n is 
generated by 0(1) iterated commutators, each of the form 
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for some < r < s and 1 < ii, . . . ,ir < k. By repeated use of the commutator 
identity 

[xy,z] = [x, [y,z]][y,z][x,z] 
and exploiting the nilpotency of G, we see that we can express (fTO| in the form 

jPiin) jP.,(n) 

where J = depend on e, Ci^ , . . . , e^^ but are independent of n, 

and the Pj{n) are polynomials of degree 0(1) whose coefficients are rationals of 
numerator and denominator 0(1). Furthermore, since (jlOp vanishes when n — Q, 
we can ensure that -Pj(O) = for all j. 

For each 1 < j < J, we see from the pigeonhole principle applied to the sequence 
h, p{fj)h, p{fj)h, . . . that there exists an integer 1 < rij < \H\ such that p{f"^)h = 
h. If we set n := Mini ■ ■ - n-j for some sufficiently large integer M = 0(1) (so that 
n = OdH]^^^"))), we see that Pj{n) is a multiple of rij for each 1 < j < J, and 
thus all of the commutators ([TOl) fix h. Since these commutators generate A^e", the 
claim follows. 

Next, we lift each Cj arbitrarily up to some element e^- € 'r:^^{{ej^). Since the 
s + 1-fold iterated commutators of ei, . . . , e/c vanish, we have 

(11) [•■•[<,ey,...,e^J =:h,^_,^^,eH 

for all 1 < ii, . . . , is+i < k and some G H . 

By the claim just proven (and taking least common multiples), we can find an 
integer 1 < n ^ such that iVe" fixes all of the hi^^,,,^i^^^, or equivalently 

that is centralised by 7r~^(A^en). Since the 7r~^(A^en) are normal, they 

also centralise . If we let H' < H he the normal subgroup of G' generated 

by /lii,...,!;^^! and all its conjugates, we thus see that H' is centralised by each of 
the 7r-i('iVe^). 

If we now let N be the subgroup of G' generated by (e'j^)", . . . , (ej.)", then we 
see that each of the (e^)" centralise H' , and so N centralises H . The claim now 
follows from the case of trivial p discussed at the beginning of the proof. □ 

Remark 3.7. If H is not abelian, then one can obtain a weaker version of Lemma [3.6l 
in which the index of N is only shown to be 0{\H\)°^^°^ I^D rather than 0{\H\)°^^'^ . 
We sketch the proof as follows. The conjugation action of G' on H yields a ho- 
momorphism from G' to Aut(_ff). On the other hand, a greedy argument shows 
that H is generated by 0(log \H\) generators, and so | Aut(if)| = 0(|i?|)°('°s I^D. 
Thus the kernel of (j) - i.e. the centraliser Gg'{H) of H - has index 0(|iJ|)°('°g 1^^, 
and so the projection 'k{Gg>{H)) of this centraliser has index 0(|-ff j)*^*^'"^ l^'-' in 
G' . An easy application of the pigeonhole principle then yields a positive integer 
Ni ^ 0(|if|)°('°sl-f^l' for each \ <i <k such that (e-)^' lies in this projection. 
The group G' generated by (e^^' has index 0(|7?|)0(i°s I^D in G'. Thus, replacing 
G' by this group if necessary (and replacing _ff by G' n H, and G by 7r(G")), we 
may assume that all the Ci centralise -ff, i.e. H is central, and we can now argue 
as in the case of trivial p as before. The author does not know, however, if the full 
strength of Lemma 13.61 holds in the non-abelian case. 

Now we can prove Lemma [1.201 We begin with the case of coset nilprogressions. 
We induct on the derived length I of the coset nilprogression, as the case Z = is 
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vacuous. We allow all implied constants to depend on Z, ri, . . . , r;. We expand 

A = (jjlfiiHio) ■ ■■■■ (j)l,r,{Hl,r,) ■ Ai^l • ... • Ai. 

Observe from Definition 11.111 that (j>i.o{Hi^o) is a finite abelian subgroup H of G 
that is normalised by {A), and that (/)/,o(^/,o) • . . . • 4>i,riiHi^ri) generates a larger 
abelian subgroup ^ of G that is also normalised by (A). Observe that H C A, so 
in particular \H\ < \A\. 

Let TT : (A) ~> (A) /V be the quotient map. Observe that 7r(A;_i-. . .-Ai) is a coset 
nilprogression of derived length I — I, ranks ri,...,ri_i, and cardinality 0(|A|), 
which generates the group {A)/V. Applying the induction hypothesis, we conclude 
that (A) /V contains a nilpotent subgroup N of step 0(1), index 0(|^|°(i)), and 
generated by 0(1) generators. 

The group (A) / H projects onto {A)/V in the obvious manner; pulling back N, 
we obtain a subgroup N' of (A) /H which stih has index 0(|A|0(i)). Since V/ H has 
0(1) generators, we see that N' is generated by 0(1) generators; as N is nilpotent 
of step 0(1), we see from (HI that N' is also nilpotent of a slightly larger step 
0(1). 

Finally, as {A) projects onto {A)/H, we can pull N' back to a subgroup N" of 
(A) of index 0(|A|'^'^^^). Applying Lemma [3.61 to the short exact sequence 

0^ H ^ N" N' ^0 

we obtain the claim. 

In the case of nilprogressions, all finite abelian groups are trivial, and an in- 
spection of the above argument shows that we can take N — {A) throughout the 
argument (as there is never any need to pass to a subgroup of finite index). In- 
deed, the claim is significantly simpler in this case (Lemma 13.61 does not need to be 
invoked). We leave the details to the reader. 

4. The key proposition 

In this section we state the key proposition, describing sets of small "doubling" 
with respect to the action of an approximate group, and show how it implies The- 
orem [LTTI 

Proposition 4.1 (Key proposition). Let G = (G, •) he a multiplicative group, and 
V = (y, -|-) be an additive group. Let p : G ^ A\ii{V) he an action of G on V , let 
K > 1, let A he a K -approximate group in G, and let E he a centred suhset of V 
(see Appendix\^ for definitions). Suppose also that 

(12) \piA'){2E)\<K\E\ 

where 

p{A){E) {p{a){v) -.acA-vcE}. 
Then there exists a coset progression 

H + P ^ H + {nivi + . . . + UrVr : Oi eZ, \ni\ < Ni for all 1 < i < r} 
in V of rank r = Oi<-(l) and 

Ni > N2 > . . . > Nr 

that contains E with 
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as well as a centred subset A' of A^^ with 

»K \A\ 

such that for every a e A' , we have p{a){H) = H and 
p{a)vj = ha.j + naj,ivi + . . . + najj- 



iVj^l + Vj 



for all 1 < j < r and some haj G H and integers na.j,i for \ < i < j — \ with 



Furthermore we have H + P C OKil)piA^){2E). 

Remark 4.2. In the converse direction, if G, V, p, K, H, P are as in the above propo- 
sition, A' C G, and E C H + P obeys (|13p . then it is not hard to verify that 
\p{A')(2E)\ \E\- Thus, up to constants, and the refinement of A^^ by a mul- 
tiphcative factor, the above proposition is a tight description of sets E which have 
small "doubling" with respect to an approximate group A. The conclusion of this 
proposition can be viewed as a quantitative assertion that the action of A' on E is 
"virtually unipotent" . The exponents 8 and 16 can certainly be lowered, perhaps 
all the way to 2, but we will not attempt to do so here. 

In the remainder of this section we show how this proposition implies Theorem 
11.171 To begin with we do not assume that G is totally torsion-free, and discuss at 
the end of the section what changes when this additional assumption is added. 

We induct on I. The cas^ I = 1 follows from Theorem [131 so suppose that I > 2 
and that the theorem has already been proven for ^ — 1. 

Fix A,G,l,K; we allow all implied constants to depend on K,l. By Lemma 
IA.4r i) we may assume without loss of generality that A is d. 0(l)-approximate 
group. 

Let G^') be the Z*'' commutator group in the derived series G^^-' = G, G^'^^' := 
[G^'\G'^% thus G(') is an abelian normal subgroup of G. Write G' G/G^'\ thus 
G is an abelian extension of G' (which is solvable of derived length at most ^ — 1) by 
some abelian group V = {V,+) = G«, which we view additively. Let tt : G ^ G' 
be the projection map. We shall abuse notation and identify ker(7r) with V. 

As in Section[2J we define E kcr(7r) n A'^'^, thus by Lemma [A. 51 £^ is a centred 
subset of V of cardinality \E\ ^ |yl|/|7r(A)|. The group G acts on V by conjugation: 

and we have 



Applying Proposition 14. 11 we can find a coset progression 

H + P = H + {nivi -f . . . -I- UrVr : ai eZ, \ni\ < for ah 1 < i < r} 
in V of rank r — 0(1) and 




I «K NJN,. 



p{A^){2E) ckciiTT)nA 



and thus by Lemma lA. 51 



\p{A'){2E)\ ~ \E\. 



Nl> N2> ...> Nr 



that contains E with 



(14) 



\H\\P\-\E\ 



^One could also use ( = as the base case for the induction. 
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and a centred subset A' of A^^ of cardinality \A'\ ~ |^| such that for every a & A' , 
we have 

(15) p{a){H)=H 
and 

(16) p{a)vj = ha,j + na,j,ivi + . . . + najj-iWj-i + 

for aU 1 < J < J' and some ft-aj G and integers na.j,i for 1 < * < J — 1 with 

Furthemore we have H + P d 0{l)p{A^){E). In particular, H + P dV D A°^^\ 

By (fT6|) . the additive group {H + P) < V generated hy H + P is invariant under 
the action of {A') < G generated by A'; in particular, {A') now acts on the quotient 
space V/ {H + P) . This action is not necessarily trivial, but we can stabilise the 
most important portion of this action as follows. More precisely, let C > 1 be a 
large integer (depending on if, I) to be chosen later, and consider the set V n A'-^ . 
By Lemma [XSl this set has cardinality Oc{\E\), and the sumset {V f^A^) + H + P 
also has cardinality Oc{\E\). Since the coset progression H+P itself has cardinality 
0(|i?|), we conclude that V fl A'-^ can be covered by Oc(l) translates of + P. In 
particular, if we let S C V/{H + P) denote the image of VDA'-^ under the quotient 
map tth+p : V ^ V/ {H + P), we conclude that \S\ <c 1- 

Let Stab(S') denote the subgroup of {A') which fixes every single element of S. 
We claim that this stabiliser group has large intersection with (A')^, and more 
precisely that the set 

|Stab(5)n(A')'| »c 1^1- 
To see this, consider the action of A' on S. Since A' C A^^, we see that the 
image of S under this action must lie in the set tth+p {V n v4<^+c(i)), which has 
cardinality Oc(l) by the same argument used to bound IS*]. Thus there are only 
Oc(l) possible combinations for the way that a given element a E A' can act 
on S. By the pigeonhole principle, we can thus find a subset A" of A' of size 
\A"\ \A'\ ^ \A\ such that the action of any two elements of A" on a single 
element of S are identical. This implies that any element of A" ■ {A")^^ must lie 
in Stab(S') n (A')^, and the claim follows. 

Next, we claim that (Stab(S') n (^4')*)^ can be covered by 0(1) translates of 
Stab(S') n {A')"^. To see this, let X C (Stab(S') n (A')")^ be a maximal set such 
that the dilates X ■ (Stab(S') n {A')'^) are disjoint. This implies in particular that 
the dilates X ■ A' are disjoint. But this dilates also lie in {A')^ C A^*"^. Since 
1^144 1 ^ I A' I ^ we conclude that \X\ = 0(1). By maximality, we see that 

(Stab(5)n(A')*)' C X-(Stab(^)n(A')')n(Stab(5)n(v4')')"' C X-(Stab(5)n(A')*) 

and the claim follows. 

Now let B 7r(Stab(S') n {A')^). From the above discussion we see that {B, G') 
is a centred set of doubling constant 0(1). (A key point here is that the doubling 
constant of B is uniform in C.) On the other hand, from Lemma lA. 51 we have 

\B\ » I Stab(5) n {A'f\/{\A\/U{A)\) »c U{A)\. 

Since G' is solvable of derived length at most / — 1, we may apply the induction 
hypothesis and find a coset nilprogression B' C C 7r(Stab(S') n (A')'^(^)) 

of derived length I — 1, ranks ri, . . . ,r/_i = 0(1), and volume ~c k(A)l which 
0(l)-controls B, and in particular has cardinality \B'\ 
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Observe that as V is abelian, the action of G on descends to an action of G' . 
In particular, the elements of B' act on V, and preserve {H + P), thus also act on 
V/ {H + P). By construction, all elements of B' also preserve each element of S. 

We have obtained a coset nilprogression B' in G' that relates to 7r(^); we now 
need to build a coset nilprogression A' in G that is similarly related to A. By 
Definition 11.111 '^e have 

1 Ti 

B'= W \{<t^^AH.,,) 

i=l-lj=Q 

for finite abelian groups Hi^ and intervals Hij — {—Nij, . . . , Nij} for I < i < l — l 
and 1 < j < r ^ 1 and maps (f>ij : Hi,j — > G, obeying the various properties in that 
definition. 

For each 1 < i < ^ — 1 and < j < r^, the set (j)i,j{Hi,j) is contained in B', and 
hence in 7r(Stab(S') n {A')'^''^^). We may thus factor j := tt o 0j ^ for some lifted 
map 4>i,j : Hi j — > Stab(5) n {A')'-"-^'> ; we can also ensure that <i>ij{0) = 1 for all 
These maps will form the first I — 1 levels of the coset nilprogression A'; 
we will fill in the final level of A' shortly. 

The various inclusions enjoyed by the (t>i,j in Definition 11.111 then lift to similar 
identities for 0, modulo an error in ker(7r) = V. For instance, for any 1 < i < I — 1, 
< j ^ and n, n' S Hij with n + n' E Hij we have 

(f>ij{n)(f)ij{n') e Wi,j,n,n' • Ai-i ■ . . . ■ Ai+i ■ (f>tj{n + n') 

for some Vij^n,n' G V where 

A 4,o(-H"i,o) • • • ■ • <t>%.ri{Hi.ri)- 

Note that all factors other than Vij_n,n' in the above inclusion are contained in 
A'-"-^\ and thus Wij,„,n' eVH if G is large enough; thus 

(17) (?i)^,,j (n') e (y n ^1'=') • Ai_i • . . . • Ai+i • 0, J (n + n'). 
In a similar spirit, we have 

(18) [^,,,(n),0,,jv(n')] e (FnA^)-Ai_i-...-A,+i 
for all 1 < j < / = 1, < J, j' < r^, n e j, and ri' G j/, and 
(19) 

[0i'jv(n'),0ij(n)] e {y r\A^) ■ A<i^i ■ (pi^iHi^) ■ ■■■■ 0j,maxO-l,O)(-ffj,maxO-l,O)) 

for any 1 < z' < j < < j < r,, < j' < . 

By definition of S, we have TrH+p{V H A'-'') for 1 < j < J lie in 5. In particular, 
for any a € Stab(S') n {A') and v E V O A'-'' , the action of a on w is trivial modulo 
{H + P), thus 

{p{a) - l){VnA^) C {H + P). 

On the other hand, we see from (|16l) that (A') acts unipotently modulo if on 
{H + P), in the sense that 

ip{ai)-l)...{piar)-l){H + P) CH 

for all oi, . . . ,ar € {A'). Combining this with the previous observation, we thus 
have 

(p(ai) - 1) . . . {p{ar) - l){p{ar+i) - 1){V n A^) C 



FREIMAN'S THEOREM FOR SOLVABLE GROUPS 



19 



for all ai, . . . , Or G ^/-i •. . .-Ai. To exploit this, we define the sets Eq, . . . , Er+i C V 
as 

E,:=H^ U {p{a^)-l)...{p{a,)-\){yf^A% 

ai,...,aj^Ai_i-...-Ai 

thus Eo^Vr\ A^, E^aVf] yl<^+o(i), Er+i = H, and 
(20) [a,v] C £'i„axO-+l,r+l) 

for aU < j < r + 1, a e • . . . • Ai, and v e Ej. 
We have 

and thus 

\E, +H + P\^\Vn «c |A|/|^(A)| 

thanks to Lemma IA.5I On the other hand, since H + P contains E, we have 
\H + P\ ^ \A\/\tt{A)\. We conclude that Ej can be covered by Oc(l) translates of 
H + P, indeed we may write 

Ej C{e,,i,...,ej,s,} + H + P 

for some Sj — Oc(l) and ej,i, . . . , ej^Sj € Ej, with Sr+i = 1 and Br+i.i = 0. From 
([201) we see that 

for all a G • . . . • Ai, < j < r + 1 and 1 < ? < s^, and for some 1 < ia,j,i ^ 
SmaxO+i,r+i), somc haj^i S if, and some integers naj,i,fc with |nQj,i,fc| < iVfc for 
fc = 1, . . . ,r. 

We can now finish building the coset nilprogression A'. Let M > 1 be a large 
integer (depending on K, l,C) to be chosen later. We set 

ri r + Sj, + . . . + Si 

and define -ff;.o, ■ • ■ , -ff;.r; and the maps 0;.; : — > G as follows: 

• _ff/,o is the finite abelian group H , and 0/,o : i? — > G is the inclusion map. 

• For 1 < i < r, 77,,; is the interval {-AP-'+^N,, . . .,Ar-^+^Ni}, and 0/,, 
is the map n nt;.;. 

• For < j < r and 1 < i < s ^ , if we set 

i' := r + Sr + . . . + Sj+i + i, 
then is the interval {—1,0, 1}, and 0/,^/ is the map n i— > nej^i. 

We set 

Ai := <t>i,oiHifi) ■ . . . ■ 

and 

A' :=A,.....Ai. 

Using ini), (dH]), (HH), (ini) and the abelian nature of V (which contains ah of ^/), 
we see (if M is large enough) that A' is a coset nilprogression of derived length I 
and ranks ri, . . . , = Oc'(l)- Also, from construction we have 

A' C A*^*^-'^'-"'"-' 

Finally, from construction we also have 

\A'\>\B'\\H + P\:^c HA)\\E\ :^ \A\, 
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Since B' has volume ~c ^' has volume 

-M,c \TT{A)\N^...Nr\H\ ^ \A\. 

By Lemma [OF iii). we see that {A')^^ OA/,c(l)-controls A. But from CoroUarvlOl 
A' Oc(l)-controls {A')^^. We conclude that A' OM,c(l)-controls A, thus closing 
the induction. This concludes the proof of Theorem 11.171 assuming Proposition 14. II 
when G is not assumed to be totally torsion-free. 

When instead G is totally torsion-free, the abelian group V is torsion-free and 
so the finite subgroup H in that argument is trivial. Also, G/G'^^^ is also totally 
torsion- free. Thus in this case one can inductively eliminate the finite groups Hi o 
and maps (j)i^o from the coset nilprogression, replacing it by a nilprogression. 

It remains to prove Proposition 23] This is the purpose of the next few sections 
of the paper. 

5. Obtaining a near-invariant set 

In the hypotheses of Proposition 14.11 '^e have a set E which expands by a mul- 
tiplicative factor K under the action of the set A^. The first step in the argument 
will be to modify E and A'^ so that the expansion factor becomes extremely close 
to 1, so that the (modification of the) set E becomes almost invariant with respect 
to the action of (the modification of) A"^. More precisely, we show 

Proposition 5.1 (Existence of near-invariant set). Let G,V, K, A, E be as in 
Proposition \4. 1\ and let e > 0. Then there exists a set E' C p{A^)E with 

\E'\ »K \E\ 

and a centred subset A' C A^ with 

\A\ 

such that 

(22) \p{a)iE')\E'\<s\E'\ 
for all a £ A' . 

Remark 5.2. From the triangle inequality we see from ((22|) that 

\pia){E')\E'\<js\E'\ 

for all j > 1 and all a e {A'y . 

The remainder of this section is devoted to the proof of this proposition. We 
fix K and allow all implied constants to depend on K. We may assume that \E\ 
is sufficiently large depending on K,e, since otherwise we could take A' := A and 
E' := {0}. 

Let ko be the first integer larger than e Applying Proposition IC. 31 fwith e 
replaced by fc^;-^™), we can thus find a centred set D C A^ with \D\ \A\ such that 
for every 1 < /c < fco, one can find at least (1 - fc(7^°°)|D|'= tuples (di, . . . , dfe) e D'^'' 
such that 

di ...dfc e A^. 

In particular, we have 

pidi)...pidk){E)cipiA^)iE) 
for a fraction 1 - 0(V^™) of the tuples (di, . . . , dfe) G D^''. 
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To motivate the argument which fohows, let us temporarily "cheat" by pretend- 
ing that e vanishes, thus 

piD'^m d p{A^){E) 

for all < A: < k^. On the other hand, the cardinalities \p{D^){E)\ are increasing 
in k and vary between \E\ and \p{A^){E)\ = 0{\E\) (thanks to dHD). Thus, by the 
pigeonhole principle, we can find a centred set E' p{D*')E for some < A: < /cq 
such that we have the near-invariance property \p{D){E')\ < {l + 0{-^))\E'\, as re- 
quired (cf. the selection of V from the increasing sequence of subspaces Wi , W2 , . . . 
in Section [2|. 

We now give a variant of the above argument in which we do not need to pretend 
that £ vanishes. 

Lemma 5.3 (Existence of a near-invariant set). Let the notation and assumptions 
be as above. Then there exists a centred set E' C p{A^)E with \E'\ ^ \E\ ^ 
|A|/|7r(^)| such that p{dd'){v) e E' for 1 - 0(/c~^/^°) of the triplets {d,d',v) G 
Dx D X E'. 

Remark 5.4. The quantity fcg ^^^^ can be improved here, but any expression which 
decays to zero as fco 00 would suffice here. The parameter e has served its 
purpose with this lemma and will not appear in the rest of the argument. 

Proof. For each < k < ko, define the functions fk ■ V ^ R+ recursively by 
setting /o = Ifi to be the indicator of E, and 

(23) /,+i(t;):=-i-^A.(p(d)T;). 

' ' deD 

From Young's inequality we see that the P norms ||/fe||/2(y) :— {J2vgv l/fe(^)P)^^^ 
are non-increasing in fc, and in particular that 

(24) WfkWmv) < \E\'^'. 
On the other hand, we clearly have 

WfkWiHv) E 1/^(^)1 = 1^1- 

vev 

We can also expand 

^ TJ^ 5Z ^p{di)...p{dk)E 

(recall that D is centred). By construction, all but 0{kQ^^'^\D\^) of the summands 
are supported in i?, , thus 

(25) \\fk\\mv\E,) « K'^'^m 

and thus (if e is small enough) 

(26) WfkWi^iE.) » \E\ 
and hence by Cauchy-Schwarz (and (fT2|) ) 

WfkWmv) » \E\''^- 
Applying the pigeonhole principle, we can thus find < fc < fcg such that 

>(l-0(fco-l))||M|p(y). 
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Squaring this using ([23|) . we see that 

' ' d,d'eDvev 
On the other hand, from Cauchy-Schwarz we have 

E^(/'(^H')/fc(pKH')<llMlp(y) 

vev 

for all c?, d' G -D. By Markov's inequality, we conclude that for 1 — 0(fcQ ^''^) of the 
pairs {d,d') e D X D 

vev 

and thus by the parallelogram law 

E \Mpid» - Mpid'M' « k-'^'\\fk\\l^v) 

vev 

and thus (by (p4|l and the centred nature of D) we see that 

(27) \MPidd')v) - fkiv)f « k-'/'\E\ 
vev 

for 1 - O(fco"^/^) of the pairs (d, d') € D x D. 
On the other hand, from ([^S)) we see that 

i'ev':/fc(i>)~i vev 
By the pigeonhole principle, we may thus find a threshold A ^ 1 such that 

E 1^(^)1' » 1^1 

veV:fk(v)>\ 

and 

(28) E 1^(^)1' « ko'^'"\E\- 

vev:\-k~^'^°<!k{v)<x 

Fix this threshold, and let 

E' ■.= {v(^p{A^){E): fk{v)>\}\J{Q}. 

Observe that E' is centred and contained in i?*; from ((25l) (and the crude bound 
ll/fc|!/~(v) ^ 1) we see (if e is small enough) that 

E 1/^(^)1' » 1^1 

veE' 

and thus (again using the crude bound ||/fe||;°c(v) < 1) 

\E'\ » \E\ 

and thus (from ^) \E'\ - \E\ - |v4|/|7r(v4)| as required. 

Let (d, d') be one of the pairs for which (|27|) holds. Then by Markov's inequality, 
we have \fk{p{dd')v) — /fc(w)P <C k'^^^'^ for 0(fcQ"^^'*|£^|) values of v. Thus for 
(1 - 0{kQ^''^))\E'\ choices of w e E' , we have u 7^ and 

/fc(p(dd')«) = /fe(«) + 0(fco-^/') 
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and thus fk{p{dd')v) is either greater than A, or between A and A — /cq ^^^'^ (for 
kf) large enough). By (|28l) . the latter only occurs for 0{k^^''^°\E\) values of v. If 
the former occurs, then by p5|) we see that p(dd')v lies in E' for all but at most 
0(fc(7^™|£:|) values of v. Setting e small enough, we obtain the claim. □ 

Let E' be as in the above lemma. Then, by construction, we have 

\p{dd')E'\E'\ « k-"''\D\'\E\ 

d,d'eD 

and thus by Markov's inequality 

\{{d,d') eDxD: \p{dd')E'\E'\ > k^^/^°\E\}\ » |Z?|2 

which implies 

\{d e : \p{d)E'\E'\ > fco"'^'Vl}l » 1^1- 
If we denote the set on the left-hand side by D' , then D' is symmetric, D' C C 
and ID' I >e and 

\pid)E\E\ « k-'^'"\E\ 
for all d £ D' , and the claim follows from the choice of feg. 

6. Obtaining a coset progression 

The next step is to replace the set E' obtained in Proposition 15.11 with a pair of 
proper coset progressions. 

Proposition 6.1 (Locating a good coset progression). Let G,V, K, A, E be as in 
Proposition \4. 1\ and F : — > R"*" be a function. Then there exists 1 < M <S^k,f 1 
and a F{M)-proper coset progression H + P C V containing E of rank 0^(1) and 

size 

(29) |F||P| <^f,M \El 

a subgroup H' of H of index \H/H'\ -^k.m Ij o.^ integer 1 < I <^k,m 1; CL^d a 
centred subset A' of A'^ with 

l^'l 1^1 

such that 

(30) p{{A'f^^'^){H' + Pi)cH + P, 

where the refinement Pi of P is defined in Lemma \B.3[ Furthermore, we have 
H + P d C p{A^){E) for someC ^Ok{1)- 

Proof. We allow all implied constants to depend on K. Let £ > be a small number 
(depending on F) to be chosen later. By Proposition 15. II (and Remark 1 5. 2 p we 
can find E' C p{A^){E) with \E'\ >k \E\ and a centred set A' C such that 

(31) \p{a){E')\E'\<]e\E'\ 

for aU j > 1 and all a e {A'y . 

From (ini) we have \2p{A'^){E)\ < \p{A'^){E)\. Applying Theorem [A. 10[ we can 
place p{A^){E) (and thus E and E') inside a _F(M)-proper coset progression H + P 
of rank r = Ok(1) and size \H\\P\ = M\p{A'^){E)\ for some 1 < M <^ 1, where 
F is a function depending on F and K to be chosen later. Furthermore we have 
H + Pc Cp{A^){E) for some C^Op{l). 
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Applying Proposition lB.5| we can find a subgroup H' of H of cardinality \H'\ 
\H\ and 1 < m,l <$^m 1 such that every element of H' + Pi has repre- 
sentations of the form vi + . . . + Vm — wi — . . . — Wm with vi, . . . , Wm G E' . 

The only property that has not yet been established is (pO| . Let a e {A')^^'^'^\ 
Then every element of p{a){H' + Pi) has representations of the form 

vi + . . . + Vm — wi — ... — Wm with vi, . . . , Wm € p{0'){E')- On the other hand, from 
([3T|) we see that p(a)(£:') only differs from by 0{F{M)£\E'\) elements. Recall 
that M = Op{l). Thus, if e is sufficiently small depending on F we see that every 
element of p{a){H' + Pi) can be represented in the form vi + . . . + — wi — . . . — Wm 
with vi,. . . ,Wm € E' . Since E' C H + P, we conclude that p{a){H' + P;) C 
H + 2mP. The claim now follows by replacing P by 2mP (and adjusting M 
accordingly, and choosing F sufficiently rapidly growing). □ 

The condition pop gives a tremendous amount of structural information on how 
A' acts on H + P. For instance, we have 

Corollary 6.2 (Existence of invariant torsion group). Let the hypotheses, conclu- 
sion, and notation be as in Proposition \ 6.1l If F is sufficiently rapidly growing 
(depending on K), then there exists a group H' < H" < H such that p{a)H" = H" 
for all a e A' . (In particular, \II/II"\ <€.m l-j 

Proof. From (|30|) we see that for any a e (A')^*^*^-', p{a){II') is a finite subgroup 
in H + P. Since if + P is P(M)-proper, we conclude (if F{M) is large enough) 
that p{a){H') C H, thus p{{A')^){H') C H for all < j < P(M). 

Now consider the groups {p{{A')^){H')). The order of each such group is a 
multiple of the order of the previous group, and this order lies between and 
\II\ for < j < F{M). Since \II'\ ^k.m \II\, we thus conclude from the pigeonhole 
principle (if F is sufficiently rapidly growing) that there exists < j < F{M) such 
that 

{pi{Ay){H')) = {piiAy+')iH')). 

Setting H" {p{{A')^){H')) we obtain the claim. □ 

Corollary 16.21 partially describes the action of A' on the H component of the 
coset progression H + P. Now we turn attention to the P component. 

Corollary 6.3 (Virtually unipotent action modulo H). Let the hypotheses, con- 
clusion, and notation be as in Provosition \6. 1\ We express P as 

P — {niVi + . . . + UrVr ■ rii e Z, \ni\ < Ni for all 1 < i < r}. 

Then if F is sufficiently rapidly growing (depending on K), then for each 1 < i < r 
with Ni > P , and every a € A' , we have 

r 

p{a){lvi) = ha^i + y^^ng^i^jVj 

where ha,i G H and each na,i.j is an integer with 

\na.i,j \ <K Nj/Ni. 

Proof. From (|30p we see that for any a e A', p{a){Pi) is a progression in H + P. 
In particular, we have 

r 

p{a){lvi) = ha^i + ^na,i,jVj 

3 = i 
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for some ha.i G H and some integers Tia.ij with |Tia,i.j | ^ ^j- Furthermore, we 
have nip{a){lvi) E H + P for all 1 < rii < Ni/l. Applying this (and using the fact 
that 77 + P is 2-proper) we obtain the claim. □ 

By repeatedly exploiting the pigeonhole principle, we can improve the conclusion 
of Corollary [63] by refining A' by a constant factor: 

Proposition 6.4 (Genuinely unipotent action modulo H"). Let the hypotheses, 
conclusion, and notation be as in Proposition \ 6.1\ Corollary \6.2\ and Corollary 
\6.S\ . We arrange the dimensions Ni of P in decreasing order, 

Nl> N2> ...> Nr. 

Then there exists a centred set A" C (^4')'^ C A^ with \A"\ \A\ such that for 

every a G A" and each 1 <i <r with Ni > l^ , we have 

(32) p{a){lvi) = ha,i + ^ ria^ijlvj + Ivi 

where ha^i G H" and each Ui^aj is an integer with 

\na,i,j \ <^K Nj/N. 

Remark 6.5. One corollary of (15^ is that 

{p{A")-l)...{p{A")-l){H" + Pi)cH" 

where {p{A) — 1){E) :— {p{a)v — v : a E A, v E E}. Thus, in some sense, the action 
of A" on H" + Pi is unipotent modulo H" . 

Proof. We allow all implied constants to depend on K, thus for instance I — 0(1) 
and r = 0(1), and \H/H"\ = 0(1). 

We begin by analysing the action of A' on Ivi . From Corollary 16.31 and the 
decreasing nature of Ni we see that the possible values of p{a)(lvi) as a ranges over 
A' can be covered by 0(1) translates of H" . Thus, by the pigeonhole principle, we 
can find a subset Ai of v4' with |^i| > > |^| such that p{a){lvi) - p{a'){lvi) E 
H" for all a, a' E Ai. Since the action of A' leaves the finite group H" invariant, 
we may thus write 

p(a)(^^;l)-p(a')(^^l)-p(a')(C') 
for some h''^]^, E H" . We can rearrange this as 

p{{a')-'a)ilv,) = hi'l,+lv,. 
We thus conclude that for every a in the centred set A^^ ■ Ai, we have 

(33) p{a){lvi) = hi^') + Ivi 

for some ha & H"; note that this is the i = 1 version of (|32p . 

Now we analyse the action of Ai on lv2. From CoroUarv 16.31 we see that the 
possible values of p{a){lv2) as a ranges over A^^ ■ A\ can be covered by 0(1) 
translates of H" + \ln\V\ : \n\\ < N1/N2}. Thus, by the pigeonhole principle, we 
may find a subset A2 of A^^ ■ A\ with jyiy ^ \A\ such that 

p(a)(lv2) - p{a'){lv2) e H" + {Imvi : \ni\ < 2Ni/N2) 
for all a, a' E A'2. From (f33|) (and the fact that p(a') preserves H") we thus have 
p{a){lv2) - p{a'){lv2) = p{a'){h% + n%^,lv^) 
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for some h^^ ^, G H" and an integer ^, with ^' il ^ N1/N2; we rearrange 
this as 

Thus for every a € (^2)^^ ' have 

(34) p(a)(Z«2) = /ii2'+ng;«i+;i;2 

for some ha G H" and some integer n\ [ of size 0{Ni/N2)- This is not quite ([5^ 
for i = 2, because the set (Aj)"^ • hves in {A')'^ rather than {A')"^. But this can 
be easily fixed as followfU. Since \A^'^ ■ Ai\, \Ai\ \A\ and A'2 C A]"^ • Ai, we 
see from the pigeonhole principle that there exists ai G Ai such that 

|A^n(ar'-^i)l»l^l- 

Thus if we set A2 := (ai • A'2) n yli, then A2 C Ai C {A')^ and IA2I > Also, 
we have A:^^ ■ A2 C (^2)"^ ' thus ([M]) now holds for all a G Aj"^ • A2. 

We can continue in this fashion, repeatedly using the pigeonhole principle to 
build a nested sequence of sets Ai Z) A2 Z) . . . Z) Ar which obey more and more 
cases of (|32|) . Since r = 0(1), the final set Ar will still have cardinality ^ \A\, and 
the claim follows (taking A" := A'^ ■ Ar). □ 

7. Conclusion of the argument 

We are now ready to prove Proposition 14.11 Let G, V, p, K, A, E be as in that 
proposition, let F : R+ — be a suitably rapidly growing function (depending 
on K), let H,P,l,H" be as in Proposition [Q and Corollary ESI and let A" C A^ 
be the set in Proposition [HUl We allow all implied constants to depend on K, thus 
P has rank r = 0(1), / = 0(1), \E\ ~ |iJ + P| ~ \H" + Pi\, and \H/H"\ = 0(1). 

By construction, we have 

E, H" + P1CI H + P. 
We conclude that there exist ei, . . . , e,/ G E with J = 0(1) such that 

E Cl{ei,...,ej} + H" + Pi. 
By the pigeonhole principle, we can find 1 < j < J such that 

\E n (ej + H" + Pi)\ > \E\. 

From ([T2|) we have 

I U p(a)(i?n(e,+J7" + P0)|«|i?|. 

aSA" 

From Corollarv l6.2l and Proposition [HUl we have 

piA")iH" + Pi) c H" + CPi 

for some O = 0(1). We conclude that each set p{a){E n {cj + i?" + Pi)) has 
cardinality ~ \E\ and is contained in p{a){ej) + H" + OP;. By a greedy algorithm, 
we thus see that set {p(a)(ej) : a G A"} can be covered by 0(1) translates of 
H" + 20P/, and hence by 0(1) translates of H" + P,. 



The same fix would allow one to substantially lower the exponents 8 and 16 in Proposition 
14.11 we omit the details. 
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Similarly, from (|12p we have 
J 

lU U p{a)e., + p{a){En{e,+H" + Pi))\<^\E\ 

1=1 aSA" 

and so by arguing as before we see that {p{a){ei) + p{a){ej) : 1 < i < J;a E A"} 
can also be covered by 0(1) translates of H" + Pi. Subtracting, we conclude that 

{p{a){e,) : 1 < z < J; a e A"} C {/i, . . . Jm} + H" + Pi 

for some /i, . . . , Jm G V with M ~ 0{\). In other words, we have 

p{a){ei) = + Xa,* 

for all 1 < ? < J and a S A" , where 1 < mQ,i < M and Xa.i € H" + P;. 

Since Af, J = 0(1), we may apply the pigeonhole principle and find integers 
1 < TOi, . . . , mj < M and a subset A'" of A" with size \A"'\ ^ \A\ such that 

p{a){ei) = + Xa,^ 

for all 1 < i < J and a E A'" . In particular, for any a, a' E A'" and 1 < i < J, we 
have 

p{a){ei)-p{a'){e,) E H" + 2Pi. 
Applying Corollary 16.21 and Proposition 16. 4[ we thus have 

p{a){ei) - p{a'){ei) = p{a'){ya,a' ,i) 
for some ya,a',i G H" + CPi and some C — 0(1). We rearrange this as 

p((a')"^a)(ei) = + jja.a'.i- 
Thus, if we set A' := {A"')~'^ ■ A'", we have 

p(a)(ej) = ha.i + na,i.lVi + . . . + na.i,rVr + 

for all a E A' and I < i < J, with ha i E H" and each i j being an integer of size 
0(iV,). 

Proposition 14. 1 1 now follows by taking H to be H" , and P to be the progression 

Pi + {siei + ... + sjej : Sj E {-1, 0, 1} for 1 < j < J} 

(thus tacking J dimensions of 1 at the end of the existing dimensions {Nj/P : Nj > 
P} of Pi; the various properties claimed in that proposition can be easily verified. 
The proof of Proposition l4.1l (and thus Theorem II .171) is complete. 

8. A MiLNOR-WOLF TYPE THEOREM 

In this section we prove Theorem ll.231 Let the notation and assumptions be as 
in that theorem. We allow all implied constants to depend on l,d, and we assume 
that R is sufficiently large depending on these parameters. We may as well assume 
that S is symmetric (since otherwise we just replace S with S U S~^). 

By hypothesis, \Bs{R)\ < R'-"^^\ By the pigeonhole principle, there thus exists 
a radius ® < tq < R^'^ (say) such that Bs{ro) has doubhng constant 0(1). 
Applying Theorem 11.171 we can find a coset nilprogression A of cardinality and 
volume ~ \Bs(ro)\, derived length I, and ranks 0(1) contained in Bs{0{ro)) which 
0(l)-controls Bsiro). In particular, there exists a set X C Bs{0{ro)) of cardinality 
|X| = 0(1) such that 

Bsiro) CX-A. 
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Suppose that there exist two distmct elements x^x' of X such that x ■ A^^^ and 
x' ■ A^^^ overlap. Then both x ■ A and x' ■ A are contained in A^^^, and we have 

Bsiro) C iX\{x'}) ■ A^'\ 

Repeating this procedure 0(1) times, we eventually obtain a covering of the form 

i?s(ro)cX'.A±" 

for some X' C X and some n — 0(1), such that the sets x ■ A^^"" for x ^ X' are 
disjoint. 

Fix X' and n. For each r, let X^ be the set of all x G X' such that x ■ A^" 
intersects Bs{r). These are subsets of X' which increase in r, thus by the pigeonhole 
principle there exists ri = 0(1) such that X'^^ = X'^^j^^. 

If a; G X'^_^ and s € S, then x ■ A^" intersects Bs{r), thus sx ■ A^^^ intersects 
Bs{ri + 1), thus sx ■ A^'^ intersects x' ■ A^" for some x' e -^^i+i ^'n- As the 
x' ■ ^=1=1071 g^j.g (Jigjoint, we see that x' is uniquely determined by s and a;; thus s 
determines a map p{s) : X'^_^ — )• X'^^ from X'^_^ to itself defined by p{s){x) :— x' . In 
particular, sx ■ A^" intersects p{s){x) ■ A^", and so 

sx & p{s){x) ■ A^^''^\ 

which implies that 

(35) c x;^ • 

We iterate this to obtain 

(5)-x; cx;-(A). 

Since S generates G, we conclude that 

G = x;^-(A), 

thus (A) has index 0(1) in G. By Lemma [1.20[ we conclude that G contains a 
nilpotent subgroup of 0(1) generators, step 0(1), and index 0(|A|'^(^)) = 0{R'-'^^^). 
Next, we return to (|35|) and iterate it again to obtain 

i?s(r)-X;cX;-A±OW 

for any r > R. Since Xl_^ <Z X <Z Bs{R), we conclude that 

Bs{r)cBs{R)-A^o^-^ -BsiR). 

Applying Lemma [Ull we have < r^^^^\A\ < r'='^^K Since by hypothesis 

\Bs{R)\ < < rO(^\ we obtain \Bs{r)\ < r^fi), and Theorem [Il3] follows. 

Remark 8.1. It seems plausible that one could improve the polynomial growth 
bound |i?5(r)| <C r*^'^^ for r > i? further, to establish a doubling bound |i35'(2?')| <C 
|i?5(r)| for r > R. In order to do this, one presumably first needs to establish a 
doubling version of Lemma 11.161 but we will not pursue this matter. (Because 
of virtual nilpotency of G, it is not difficult to see that in the asymptotic limit 
r — )■ oo, we have |i?s('')| = (O + o(l))r-^ for some constants O > and some 
integer D = 0(1), but this only settles the question in the case of extremely large 
r.) 
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Appendix A. Product set estimates 

It is convenient to replace the notion of a set of small doubling by that of a 
if-approximate group (cf. [221 Chapter 2], [3T]) 

Definition A.l (Centred set). A centred set in G is a multiplicative set {A,G) 
that contains the group identity 1 (thus in particular A'' C A'' for k < k') and is 
also symmetric (thus A~^ := {a~^ : a & A} is equal to A). 

Definition A. 2 (if-approximate group). Let K > 1. A K -approximate group is 
a centred set {A,G) such that there exists a set A C G with \X\ < K such that 
A^CX-AcA-X-X and C A ■ X C X ■ X ■ A. Note that this in particular 
implies that 

|^fc| ^ 

for aU fc > 1. 

Examples A. 3. Finite subgroups of G are 1-approximate groups. Geometric pro- 
gressions are 2-approximate groups. Balls in nilpotent groups of bounded rank (with 
respect to the word metric on a bounded set of generators) are 0(l)-approximate 
groups. The homomorphic image of a ii"- approximate group is another iiT- approximate 
group. The Cartesian product of two A'-approximate groups is a A A'- approximate 
group. If TT : if — ^ G is a finite extension of G, and yl is a A-approximate group in 
G, then Tr^^{A) is a A-approximate group in H. If A is a A-approximate group, 
then a'' is a A'^'-approximate group for any fc > 1, and A'' and A A'^~^-control 
each other. 

Lemma A. 4 (Small doubling controlled by A-approximate groups). Let A > 1. 

(i) // (A, G) is a multiplicative set of doubling constant at most A, then there 
exists a Ok{^)- approximate group B C A^^ that Ok{^)- controls A. 

(ii) // {A, G) is a multiplicative set of tripling constant at most A, then A^^ is 
a Ok{^) -approximate group that OKi^)- controls A. 

(iii) // {A, G) is a K -approximate group, and A' <Z A is such that \ A'\ > \A\/K, 
then {A')^^ is a OkI^)- approximate group which Oxi^)- controls A. 

Proof. For (i), see (STJ Theorem 4.6]. For (ii), see [Ml CoroUary 3.10]. For (iii), see 
[5T1 Corollary 3.10] and [3T1 Lemma 3.6]. Indeed, the bounds here are polynomial 
in A, although we will not exploit this. □ 

Now, we investigate how approximate groups behave in group extensions. 

Lemma A. 5 (Projection lemma). Let G be an extension of a group G with pro- 
jection map TT : G — > G, and let (A, G) be a K -approximate group for some A > 1. 

(i) t:{A) is a K -approximate group. 

(ii) For any h € tt{A) and k > 3, we have |7r"i({/i}) n {A)'' \ ^km \ A\/\'k{A)\. 

(iii) For any fc > 3, (ker(7r) H [A)^')'^ is a OK,k{^)- approximate group of cardi- 
nality ^K,k |i|/|7r(i)|. 

Proof. Part (i) follows from the more general observation that the homomorphic 
image of a A-approximate group is another A-approximate group. To prove (ii), 
if we set E :— vr^^({/i}) n [A]^, then we see that 

\A-E\<\{Af+^\<.K,k \A\. 
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Splitting A into the fibres n ^{{a}) of vr, we conclude that 

\TTiA)\\E\ |i| 

thus yielding the upper bound for (ii). To obtain the lower bound, observe from 
the pigeonhole principle that there must exist Hq e tt{A) such that 

\n~\{ho})nA\>\A\/\niA)\. 

Taking quotient sets, we conclude that 

|ker(7r)ni2| > |i|/|7r(i)| 

and then multiplying by an arbitrary element of 7r^^({/i}) H A we obtain the claim. 

Finally, from (ii) we see that ker(7r) n (A)'^ is a centred multiplicative set of 
tripling constant OK.fc(l) and cardinality ^K,k \A\/\tt{A)\, and (iii) then follows 
from Lemma lA.4r ii). □ 

Remark A. 6. For a more refined statement about the structure of A in terms of 
tt(A) and ker(7r) n (A)'', see HH Lemma 7.7]. 

The following result follows immediately from the main result in 17'; the case 
G = Z is of course Freiman's original theorem 131; the case when G has bounded 
torsion is in [3S] . 

Definition A. 7 (Generalised arithmetic progression). A (symmetric) generalised 
arithmetic progression (or progression for short) in an abelian group G = (G, +) is 
any set P of the form 

P = {niVi + . . . + HrVr : Ui £ X, \ni\ < Ni for all 1 < i < r} 

for some Wi, . . . , G Z and Ni, . . . , > 1. We refer to r as the rank of the 
progression, li t > 1, we say that the progression P is t-proper if the sums 

niVi + . . . + UrVr 

for Ui e Z, \ni\ < tNi are all distinct. We say that a progression is proper if it is 
1-proper. 

Remark A. 8. Technically, the progression should refer to the data (r, wi , . . . , i;^, A^i , . . 
rather than the set P (since there are multiple ways to represent a single set as a 
progression, but we shall abuse notation and use the set P to denote the progression 
instead. Similarly for the concept of a coset progression below. 

Definition A. 9 (Coset progression). A (symmetric) coset progression in an abelian 
group G — (G, +) is any set of the form H + P, where is a finite subgroup H of 
G, and P is a generalised arithmetic progression 

P — {niVi + . . . + UrVr : Hi G Z, \ni\ < Ni for all 1 < i < r}. 

We refer to r as the rank of the coset progression. If < > 1, we say that the coset 
progression H + P is t-proper if the sums 

h + niVi + . . . + UrVr 

for h £ H, Ui £ Z, \ni\ < tNi are all distinct. We say that a coset progression is 
proper if it is 1-proper. 
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Coset progressions have already appeared in Theorems 11.21 11-31 in the introduc- 
tion. We now give a variant of Theorem 11.21 that ensures some properness to the 
coset progressions. 

Theorem A. 10 (Proper Green-Ruzsa's Freiman theorem). [T7] Let {A,G) be an 
additive set with doubling constant at most K for some K > 1. For any function 
F : R+ — > R+, we can find \ < M ■^k,f 1 a F{M)-proper coset progression 
H + P of rank Oa'(1) cind cardinality M\A\ that contains A. Furthermore we have 
H + Pc C'iA U {0} U ~A) for some C = 0^,^(1)- 

Proof. This will follow from Theorem 1 1.2 1 bv a standard "rank reduction argument" 
which we now give. We run the following algorithm to find M and H + P. 

• Step 0. Bv Theorem ll.2[ we can find a coset progresion H+P of rank O^fl) 
and cardinality Ok ( A) that contains A, with H + P C C{ A U {0} U ~A) 
for some C — Ok{^)- 

• Step 1. Set M \H + P\/\A\, and set r to be the rank of H + P. li H + P 
is already F(M)-proper, then STOP. Otherwise, move on to Step 2. 

• Step 2. Since H + P is not _F(M)-proper, we may invoke [33l Lemma 5.1], 
and contain + P in a coset progression H' + P' of rank at most r — 1 and 
cardinality Of,mA\H + P\)- Furthermore we have H' + P' C C{H + P) 
for some C — Or,_F(Af)(l)- 

• Step 3. Replace H + P by H' + P' and return to Step 1. 

Observe that the rank of H + P decreases by at least 1 each time one passes from 
Step 3 to Step 1, and so the algorithm terminates in Oi<-(l) steps. The quantity M 
increases to Op.M.ri^) in each iteration, so is ultimately bounded by Op.Ki^), and 
the claim follows. □ 

Appendix B. Sarkozy type theorems 

A classical result of Sarkozv[28] asserts that if A C {1, . . . , A} and k\A\ > CN 
for some sufficiently large absolute constant C, then kA contains an arithmetic 
progression of length comparable to N; see [5D] for a more precise result, and |30] 
for various generalisations and extensions. In this appendix we give several results of 
this type, in which A now lives in a finite group, generalised arithmetic progression, 
or coset progression. 

Lemma B.l (Sarkozy- type theorem in finite abelian groups). Let G — (G, +) be 

a finite abelian group, and let A G G be such that \A\ > S\G\ for some < S < 

I. Then there exists a positive integer 1 < m <C5 1 and a subgroup H of G of 
index \G/H\ <Ci5 1 such that mA — mA contains H . In fact, we have the stronger 
statement that each element h of H has 3>5 |Gp™ representations of the form 
h = ai + . . . + Om - bi - . . . - brn with ai, . . . , a™, &i, G A. 

Remark B.2. This should be compared with Bogulybov's theorem (or Theorem 

II. 2f i)). in which one can take m — 2, but the subgroup H is replaced by a coset 
progression. 

Proof. We use Fourier analysis. By increasing S if necessary, we may take |yl| = 
S\G\. Let G be the Pontryagin dual, consisting of all homomorphisms x x 
from G to R/Z. We let e > be a small quantity depending on S to be chosen 
later, and introduce the spectrum 

E:=UeG:|U(e)|^>(l-£)<52} 
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where 

UiO := ^ ^ lA(x)e(-C • x) 
is the Fourier transform of A, and e{x) := e^'^'^. We can write 
|iA(Or=T^ E cos(27^(^(a;-y))) 

and 

x,yeA 

Let ^ S S. Then from the elementary estimate 

1 - cos(27r6') ~ dist(^, Zf 

for any 0, we have 

1 - cos(27rn6i) <n'^{l- cos(27r6i) 

and hence 

for any integer n > 1, and in particular that 

for all 1 < n < c/\/e for some absolute constant c > 0. Combining this with 
Plancherel's theorem, we see (if e is small enough depending on S) that these 
cannot all be distinct, and so we conclude that every ^ G S has order Os{l). On the 
other hand, another application of Plancherel shows that |S| <^s 1- We conclude 
that the subgroup (S) of the abelian group G generated by S also has cardinality 
05(1). Thus, if we let 

i? := {x e G : e • X = for alU e (S)} 

be the orthogonal complement of (E) , then (by another application of Plancherel) 
we see that \H\ >5 \G\. 

Now let m, bo a large integer depending on S, e to be chosen later, and let h € H. 
The number of representations of as ai + . . . + — ^'i — • • • — ^'mi as is well known, 
can be expressed via the Fourier transform as 

|Gr^|U(OP'"e(/i.O. 

The contribution of the ^ = term is S'^™\G\'^™. The contribution of the other 
elements of S is non-negative. As for the remaining contributions, one can bound 

them by 

0(|G|2'"(1 - £)"»-M2'"-2 |iA(Or) = 0(|Gp'"(l - er-M^"*-!) 

thanks to Plancherel. If m is large enough, this error term is dominated by the 
main term, and the claim follows. □ 
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Lemma B.3 (Sarkozy type theorem in progressions). Let G — (G, +) be an abelian 
group, and let 

P — {riiVi + . . . + iirVr : Ui ^ "L, \ni\ < Ni for all 1 < i < r} 

be a proper generalised arithmetic progression in G of rank r. Let A <Z P be such that 
\A\ > S\P\ for some < 6 < 1. Then there exists positive integers 1 <m,l <S^s,r 1 
such that Pi C mA — mA, where Pi is the generalised arithmetic progression 

Pi = {IniVi + . . . + In^Vr : Hi £ 7i, \ni\ < Ni/P for all 1 < i < r}. 

In fact, we have the stronger statement that each element v of Pi has S>5,r |Pp'" rep- 
resentations of the form v — ai + . . . + a„i — 6i — . . . — bm with ai, . . . , a™, bi, . . . ,bm G 
A. 

Remark B.4. This result can probably deduced from the powerful results in [30] 
(after using Freiman isomorphisms to map the progression into the integers) , how- 
ever for sake of self-containedness we present a Fourier-analytic proof (analogous 
to the proof of Lemma ET]) here. 

Proof. We will fix S, r and allow all constants to depend on these parameters. 

It suffices to establish the case when G = and vi, . . . ,Vr is the standard basis 
of , since the general case can then be obtained by applying the homomorphism 
(rti, . . . , Ur) I— >■ nivi + . . . + UrVr from to G. (Note that the presence of a kernel 
in this homomorphism will work in one's favour, since P is proper.) 

The Pontryagin dual of Z^ is the torus (R/Zy, and we have the Fourier trans- 
form 

U(0 :=^e(-e-x) 

xeA 

(note the conventions here are slightly different from that in the case of finite groups 
G). 

Let £ > be a small number (depending on S, r) to be chosen later, let ^ > 1 
be a large integer (depending on e, S, r) to be chosen later; let e' > be an even 
smaller number (depending on I, e, 5, r) to be chosen later, and let to > 1 be a large 
integer (depending on e' ,l,e,5,r) to be chosen later. We introduce the spectrum 
S c (R/Z)^ defined by 

E:={ee(R/Z)'-:|U(OP>(l-e)|A|n. 

This is an open subset of (R/Z)*". Observe that it contains the box R^e for some 
small constant c ~ Cr > Q, where 

Rs {(Ci, . . . ,?r) : 11611 < s/N, for aU 1 < i < r} 

and ll^lj is the distance from ^ e R/Z to the origin. 
Now let ^ € S. Arguing as in Lemma [B. II we see that 

|U«)| ^ \A\ 

for all integers n with |n| < c£~^/'^ for some absolute constant c. Thus we can find 
bounded coefficients |q;„| < 1 for |n| < c£~^/^ such that 

I «„U«)|»£-l/2|^|. 

|n|<ce-i/2 
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The left-hand side can be rearranged as 

1^ J2 a„e(-<-a;)|»e-V2|A|. 

x&A |n|<ce-i/2 

By Cauchy-Schwarz we conclude that 

^1 o.ne{-n^ ■ x)f » e-'\A\ ^ s-'\P\. 

xeP |„|<c£-i/2 

Observe that if < s < 1 is a sufficiently small absolute constant, then 

ei^x) d^\ », 1/\P\ 
for all a; G P. We conclude that 

El/ E «„e(-<.x)|2»,£-V|P|. 

By Fourier analysis, the left-hand side can be rearranged as 

The summand is bounded by 0(1/|P|), and vanishes unless (n — n')^ G Rg- We 
conclude that 

\{{n,n') : |n|, \n'\ < ce-'^^; (n - n')C € P.}| », 6"^ 

If e is sufficiently small, we conclude that there exists 1 < n" <C e~^^^ such that 
7i"^ G Ps- If we let M = Oe(l) be the least common multiple of all integers 
K n" < £"1/^ and let T C (R/Z)*^ be the finite subgroup of the torus (R/Zy 
consisting of the M*'* roots of unity, we conclude that 

(36) scr + p^. 

We can require that I is a multiple of M. 

Now let V € Pi- The number of representations of d as oi -I- ... -I- am — bi — ... — bm 
can be expressed via Fourier analysis as 

|U(Ore(^;-0 d?; 

since this number is clearly real, we can also express it as 

|U(OI""cos(27ri;.0 

i{R/zr 

We consider the contributions of various portions of this integral. For ^ in the 
rectangle P^', we have > (1 ^ 0(e'))|A| and cos(27rft, • ^) 3> 1, and so the 

contribution of this rectangle is 

> (1 - 0(e'))""l^l""l^e'l >e' (1 - 0(£'))"l^l"""'- 

Next, for G S\Pe' , we see from ([36|) and the definition of P; that cos(27rw ^ 1, 
and so the contribution of this region is non-negative. Finally, we turn to the 
contribution when ^ ^ S, which we can bound by 

0((1 - £)™-i|A|2™-2 f 11^(01' rfO = - e)™- VP""') 
J(R/zy 
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thanks to Plancherel's theorem. If we choose m large enough depending on e,e', 
the error term is dominated by the main term, and the claim follows. □ 

We now unify the above two lemmas into a single proposition. 

Proposition B.5 (Sarkozy-type theorem in coset progressions). Let G = (G, +) 

be an ahelian group, and let 

H + P = H + {nivi + . . . + UrVr : Hi eZ, Iml < Ni for all 1 < i < r} 

be a proper generalised arithmetic progression in G of rank r. Let A d LI + P be 
such that \A\ > 5\H\\P\ for some < 5 < 1. Then there exists a subgroup H' 
of H with cardinality \H'\ ^s,r \H\ and positive integers 1 < m, / <SC5,r 1 such 
that H' + Pi C mA — mA, where Pi is as in Lemma \B.3[ In fact, we have the 
stronger statement that each element h + v of the coset progression LI' + Pi has 
S>5,r |iy |2"i|p|2m representations of the form h + v = ai + . . . + Om — bi — . . . — bm 
with ai, . . . ,am, bi, . . . ,bm & A. 

Proof. The arguments are basically a pastiche of those used to prove Lemma [B. II 
and Lemma [6.31 As there are no new ideas here, we give only a sketch of the proof. 
We allow all implied constants to depend on S, r. 

As in Lemma IB.3| we may assume that G — H x , and that vi, . . . ,Vr are the 
basis vectors of Z^ . The Pontryagin dual is then G — H x (IL/Zy, with Fourier 
transform 

U(C,'7):=7^ ■ h)e{-r] ■ x) 

' ' {h,x)eA 

for £, £ H and rj e (R/Z)''. We give G the obvious Haar measure dm, being the 
product of counting measure on H and normalised Haar measure on (R/Z)*". 

Now let £ > be a small quantity depending on 5 to be chosen later, and let 
E C G be the set 

j::^{iC,v)&G:\iAi^,fjr>{l^e)\A\y\Hn. 

Repeating the arguments in Lemma IB. 31 with minor changes, we see that if e is 
sufhciently small depending on S, then 

scr + ({o}xi?,) 

for some small absolute constant s > 0, where F := {(^, r]) e G : AI {£,, rf) = 0} and 
1 < M 1 is an integer. 

The arguments in Lemma IB. 31 also show that if (^i, 771), ... , (^„, 77„) G S are such 
that {£,i,rji) — {£,j,rij) ^ {0} x Rg for all 1 < i < j < n, then n 1. From this 
we conclude in particular that the projection 7r(I]) from H x (R/Zy to H has 
cardinality Oe(l). By the preceding discussion, we also see that every element of 
7r(S) has order Oe(1). We conclude that the group (7r(S)) generated by 7r(E) is a 
subgroup of H of cardinality Oe(l). 

Let H' be the orthogonal complement of (7r(S)), then \II'\ \II\. Now let I be 
a multiple of M depending on e to be chosen later, let e' > be a small quantity 
depending on l,e to be chosen later, and m to be a large integer depending on 
e',l,£ to be chosen later. We let {h,v) be an element of H' + Pi. The number of 



36 



TERENCE TAO 



representations of {h,v) of the form ai + . . . + a™ — 5i — ... — 5m with ai, . . . ,bm & A 
can be expressed via Fourier analysis as 

l^rE / \iA{i,v)\''"e{^-h)e{vv)dv. 

As in Lemma [R3] (decomposing into the regions r]) G {0} x R^i, 77) G E\({0} x 
Re'), and (^,77) ^ S) one can show that this expression is ^e.e' I^P™ if m is large 
enough, and the claim follows. □ 

Appendix C. A Balog-Szemeredi type lemma 

Given a bipartite graph G = {V, W, E) between two vertex sets V, W (thus E is 
a subset of y x W), we define the edge density S of the graph as 5 :— \E\/\V\\W\, 
and say that the graph is e-regular for some £ > if we have 

\\Er]{V' X < e\V\\W\ 

for all V' dV and W C M^, or equivalently if 

(37) \E,^v,u,^w{^e{v,w) - 5)f{v)g{w)\ < e 

for all /, g bounded between and 1. 

We recall a fc-partite formulation of the famous Szemeredi regularity lemma: 

Lemma C.l (Szemeredi regularity lemma). Let Vi, . . . ,Vk be disjoint finite sets, 
and for each 1 < i < j < k let Eij d Vi x Vj be a bipartite graph connecting Vi and 
Vj. Let e > 0. Then for each I < i < k we can partition Vi = Vi,i U . . . Vi^Mi with 
Mi = Ok.ei^), where 

• For all \ < a, P < Mi, we have \Vi,a\ ~ |^i,/3| (and in particular, \Vi,a\ ^ 

m/M,^k,em); 

• For all 1 < i < j < k, and for 1 — 0{e) of the pairs of integers 1 < a < Mi 
and I < /3 < Mj, the restriction of Eij to Vi^a, Vj^p is e-regular. 

We now conclude a Balog-Szemeredi type result in noncommutative groups. 

Proposition C.2 (Balog-Szemeredi type lemma). Let A be a finite non-empty 
subset of a multiplicative group G = (G, •) such that \A ■ A'~^\ < K\A\ for some 
K > 0, let ko > 1 be an integer, and let e > 0. Then there exists a subset A' of 
A ■ A~^ with \A'\ 3>K,feo,e 1^1 such that for every I < k < k^, there are at least 
(1 - e)|^'P^ tuples (ai, .'. . , 03^) G [A')®'^'' such that 

aia2^ay,a^^ . . . a2k~ia2k ^ ^ ' 

Proof. We fix ko,K and allow all implied constants to depend on these quantities. 
From the Cauchy-Schwarz inequality we have 

|{(ai,a2,a3,a4) e A®^ : a^a^^ = 0304 > > \A\^ 

We thus conclude the existence of a set D C A ■ A^^ of "popular quotients" with 
the property that \D\ ^ \A\, and such that every d E D has at least ^ \A\ 
representations of the form d = 0102^ with 01,02 € A. 

Fix D. We set Vo := D, V\ := A, V2 A, and define the bipartite graphs 
Eqi C Vo X Vi, i?02 C Vo x V2 by declaring (d, ai) e Vq x Vi and (d, 02) G Vq x V2 
whenever d G D, 01,02 G A are such that d = aia^^. From the preceding discussion 
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we see that Eqi, E02 have edge density ^1. In fact, every d G D is connected via 
Eqi to ^ \A\ vertices in Vi, and connected via £'02 to ^ \A\ vertices in V2. 

Let ei > be a smah quantity (depending on ko^K) to be chosen later, and 
let £2 > be an even smaller quantity (depending on fco, K, ei) to be chosen later, 
and so forth up to £2fco+i, which is a very small quantity depending on all previous 
quantities. Applying Lemma lC.li we may find partitions Vi = U . . . U Vi,Mi for 
i = 0, 1, 2 with Afj = Oe^ (1) such that Vi^a ^ \A\/Mi for all 1 < a < M^, and such 
that for each i = 1,2, that the restriction of Eoi to Vq.q x Vi^p. is e2fco+i-regular for 
1 - 0(62) of aU 1 < a < Mo, 1 < ft < M,. 

Applying Markov's inequality, we may find 1 < ao < Mq such that for each 
z = 1,2, the restriction of Eoi to Vb,Q x V^,^. is e2fco+i"''cgular for 1 — 0(e2*:o+i) of 
all 1 < ft < Mi. The set Vb,a will ultimately be our choice for the set A' . 

Fix ao as above. If z = 1, 2, 1 < j < 2fco, and 1 < ft < Mi, let us call ft 
good if the restriction of E^i to Vb,Q x Vi,p^ is £2feo+i-regular and has edge density 
at least Sj, and (i,j)-bad otherwise. Observe that the total number of edges in 
E^i between Vb,Qo and (z, j)-bad cells Vi^p. is ^ £j|Vb,Qo||^|. Thus (by Markov's 
inequality), if we pick d e Vo,qo uniformly at random, then with probability 1 — 

0(£^''^), there are at most 0(£^^^|yl|) edges between d and (i,j)-bad cells. 

On the other hand, the total number of edges in E^i between Vb,ao and Vi is 
^ |Vb,Q(,||^|. Thus we see that there are 3> Mi cells that are (i,j)-good for each 
1 < J < 2fco. 

Let us now fix 1 < A; < fco, and pick di, . . . , d2k G K),ao uniformly and inde- 
pendently at random. By the above discussion and the union bound, we see that 
with probability 1 — 0{e\^'^), we have that there are at most 0(£y^|yl|) number of 
edges between di and (z, j)-bad cells for any I < j,l < 2k and i — 1,2. Let us now 
condition on this event, which we will call E. 

For each ai G A, and define a2, . . . , a2/c+i G G recursively by solving the equa- 
tions 

di — aia2^ 
d2 = 03^2^^ 
^3 = 0304 ^ 
di = 0504 ^ 



d2k — 0-2k+lO-2k ■ 

Observe that for fixed di, . . . , d2k, the a2, . . . , a2fe+i are determined uniquely by ai, 
and the maps ai aj are injective for j ~ 2, ... ,2k ^ 1. Furthermore, each aj 
depends only on a\ and d\,. . . , dj^i. 

For each 1 < j < 2fc -f 1, we let fj{di, . . . ,dj-i) denote the number of ai such 
that ai, . . . , flj all lie in A. We now claim that for each 1 < j < 2fc + 1, that we 
have 

(38) /,(di,...,d,_i)»,,^...,,^_, |A| 

1 /2 

with probability 1 — 0{ei ). 

We prove this by induction on j. When j = 1 we have /i() = \A\ and the claim 
is clear, so suppose now that 2 < j < 2fc + 1 and that the claim has already been 
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proven for j — 1. To fix the notation we shah assume that j is even; the arguments 
for odd j are virtually identical and are left to the reader. 

By induction hypothesis, we may already condition di, . . . , dj-2 so that 

Thus there exist S>ei,...,ej_2 1^1 choices of ai (and hence 02, . . . , flj-i) such that 
ai, . . . , flj-i all lie in A. 

On the other hand, we know (because of our conditioning to E) that dj^2 is con- 

1 /2 

nected to at most 0{ej_i \A\) vertices in {2,j~ l)-bad cells. Thus, by deleting those 

vertices from consideration, we obtain ^ei....,e -2 1^1 choices for ai, . . . S A 

such that ttj-i lies in a {2,j — l)-good cell. 

On the other hand (again by our conditioning to E), the random variable rfj-i is 

uniformly distributed on a subset of iVo^agj of density ^ 1, even after conditioning 

on di, . . . ,dj^2- Using the regularity and density of the (2 , j — 1 )-cells, we conclude 

1/2 

that with probability l — 0{ei ), that ^ of the aj_i listed above are connected 
via E02 to dj-i. By definition of E02 and aj (and the hypothesis that j is even), 

this implies that aj £ A. Thus we have ([38]) with probability 1 — 0{eY^), closing 
the induction. 

Applying ((38l) with j — 2k + 1, we conclude in particular that for 1 — 0(ej^^) 
of all tuples (c?i, . . . ,d2k) & V^^^^, that there exists at least one choice of ai (and 
hence a2, . . . , 02^+1) such that ai, . . . , a2k+i G A. Applying the telescoping identity 

^1^2 ^d^d^ ^ . . . d^^ — aia2fc+i 

we conclude that 

did^^d3d4 ^ ...d^k & A- A"^ 

Setting A' :— Vb,QQ (and choosing ei sufficiently small depending on e), we obtain 
the claim. □ 

We can strengthen the above result slightly by ensuring A' is centred, at the 
(necessary) cost of now placing A' \n A - A^^ rather than A: 

Proposition C.3 (Balog-Szemeredi type lemma, again). Let A he a finite non- 
empty subset of a multiplicative group G = (G, •) such that \A ■ A^^\ < K\A\ for 
some K > 0, let ko > 1 be an integer, and let e > 0. Then there exists a centred 
set D <Z A ■ A^^ with \D\ ^K,ko,e 1^1 such that for every 1 < k < fco, there are at 
least {1 - e)\D\'' tuples (di, d^) e such that 

di...dk e A- A^^. 

Proof. We may assume that \A\ is large depending on K,ko,e, since otherwise we 
may just take D = {1}. Observe that it will suffice to construct a symmetric set 
D rather than a centred set D with the desired properties, since we can convert a 
symmetric set into a centred one simply by adding {!}, and the properties of D do 
not change significantly (adjusting e if necessary). 

Let e' > be a small number depending on fco,£ to be chosen later. Again, we 
may assume |A| large depending on K,ko,e,e'. Applying Proposition [C]2l we may 
find a subset ^4' of ^ • A~^ with \A'\ ^K,ko e' 1^1 such that for every 1 < k < kg, 
there are at least (1 - e')\A'\'^'' tuples (ai, . . .,a2k) & (A')®^*; such that 

(39) 0102^^0304 ^ . . . a2k-ia2k ^ ^ ' A^^. 
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We now use the probabilistic method. Let ai, . . . , a2\A'\ be elements of A' drawn 
uniformly and independently at random, and let di, . . . ,d2\A'\ G ^ ■ be the 
quantities 

and let D {di, . . . , d2\A'\}- Then D is clearly a symmetric subset of A ■ A^^ with 
\D\<2\A'\. 

For each d € D, let fi(d) be the number of representations d = dj of d, where 
1 < j < 2|A'|, thus 

(40) J2^'(d) = 2\A'\. 

Observe that if 1 < < 2\A'\ are such that \j — j'\ ^ 0, \A!\, then dj,dj' are 
independent, and the probability that dj = dji is at most Summing over all 

(treating the exceptional cases \j — j'\ — 0, \ A'\ separately) and rearranging, 
one obtains that 

Ej2^,idf«\A'\. 

Thus by Markov's inequality, with probability at least 0.9, we have 
(41) 

deD 

which by Cauchy-Schwarz and implies that \D\ ^ \A'\. 

Next, observe that if 1 < fc < /co and 1 < ji, ■ ■ ■ , jk < 2|v4'| are such that no two 
of the are equal or differ by \A'\, then dj-^, . . . ,dj^, are independent, and by 

([39]) we see that 

dj, ...dj.eA- 

with probability 1 — 0{e'). Summing over all choices of k and ji, . . . ,jk (again 
treating the exceptional cases separately) , we see that 

^ J'l' • ■ • '^fc ^ : d,, ...dj.^A- A-'} e'. 
Thus by Markov's inequality, with probability at least 0.9, we have 

E r^l{l < Ji' ■ • ■ ' < 2|^'l : d,, . ..d,, ^ A ■ A-'} e' 
fc=i ' ' 

and thus 

(42) |{1 < ji, . . . , jfc < 2\A'\ : d,, ...d,,^A- A-'}\ e'|A'l' 

for ah 1 < fc < ko. Thus with probability at least 0.8, (gT]) and dH]) both hold. We 
now select oi, . . . , a2\A'\ so that this is the case. 
We rearrange (|42)) as 

^ ^(di) . . . ^lidk) «ko e'\Af e'\D\^ 

di,....dk&D:di...dk^A-A-'^ 

In particular this implies that 

{(di, ...,dk)eD^'' ■.di...dk<^A- A-'} e'\D\'' 
and the claim follows by choosing e' sufficiently small depending on fcg, £. □ 
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Remark C.4. In the case when G = {G, +) is abehan, we may hwoke Theorem II .31 
and obtain a stronger resuh of a similar flavour, namely that ±4yl contains a coset 
progression H + P oi size comparable to A, and thus also contains a set of the form 
kA' — kA' for some A' of size comparable to A, for any fixed k. It is thus reasonable 
to conjecture an analogous statement in the non-commutative case; for instance, if 
A is a ii'-approximate group, and fc > 1, one would expect the existence of a set A' 
of size '^K,k \A\ such that {A')'' C (say). Unfortunately our methods do not 
seem to establish such a result. 

Remark C.5. Because of our reliance on the Szemeredi regularity lemma, the im- 
plicit bounds in the above results are extremely poor (of tower-exponential type). 
In view of the polynomial strengthening of the Balog-Szemeredi theorem pL, due to 
Gowers}T6j , it is natural to expect these bounds to be improvable here also. Note 
however that the best bounds for the Green-Ruzsa results are still exponential in 
if, and so we do not know how to obtain a polynomial bound in the above results 
even in the abelian case0 
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